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Chapter 8 – General Vector Spaces 
 
8.1. Fields 

 (Proposition 8.1.11) Properties of the trace function: 
(a) 𝑡𝑟(𝐴) + 𝑡𝑟(𝐵) = 𝑡𝑟(𝐴 + 𝐵). 
(b) 𝑡𝑟(𝑐𝐴) = 𝑐𝑡𝑟(𝐴). 
(c) 𝑡𝑟(𝐴𝐵) = 𝑡𝑟(𝐵𝐴). 

 
8.3. Subspaces 

 Check whether 𝑊 is a subspace of 𝑉: 
(a) 𝟎 ∈ 𝑊. Hence 𝑊 is non-empty; AND 
(b) ∀𝑎, 𝑏 ∈ 𝔽,𝒖, 𝒗 ∈ 𝑊, 𝑎𝒖 + 𝑏𝒗 ∈ 𝑊. 

 
8.4. Linear Spans and Linear Independence 

 Prove 𝒖𝟏, 𝒖𝟐, … , 𝒖𝒏 are linearly independent: 
The function 𝑐ଵ𝒖𝟏 + 𝑐ଶ𝒖𝟐 +⋯+ 𝑐௡𝒖𝒏 = 𝟎 has only the trivial 
solution. 

 
8.5. Bases and Dimensions 

 dim(𝑊ଵ +𝑊ଶ) = dim(𝑊ଵ) + dim(𝑊ଶ) − dim(𝑊ଵ ∩𝑊ଶ). 
 (Theorem 8.5.15) If 𝑊 is a subspace of 𝑉, then: 

(a) dim(𝑊) ≤ dim(𝑉). 
(b) If dim(𝑊) = dim(𝑉), then 𝑊 = 𝑉. 

 Find bases: 

  

 Extend a set to a basis:  

 
 

8.6. Direct Sums 
 𝑊ଵ +𝑊ଶ is a direct sum if 𝑊ଵ ∩𝑊ଶ = {𝟎}. 

 
8.7. Cosets and Quotient Spaces 

 Basis for 𝑉/𝑊: 
Assume 𝑉 = 𝑠𝑝𝑎𝑛{𝒗𝟏,… , 𝒗𝒌, 𝒘𝟏, … ,𝒘𝒎}. 
Then {𝑊 + 𝒗𝟏, … ,𝑊 + 𝒗𝒏} forms a basis for 𝑉/𝑊. 

 
 
Chapter 9 – Linear Transformation 
 
9.1. Linear Transformations 

 Check whether 𝑇 is a linear operator: 
For all 𝒖, 𝒗 ∈ 𝑉 and 𝑎, 𝑏 ∈ 𝔽, check whether  

𝑇(𝑎𝒖 + 𝑏𝒗) = 𝑎𝑇(𝒖) + 𝑏𝑇(𝒗). 
 
9.2. Matrices for Linear Transformations 

 Matrix for 𝑇 relative to 𝐵 and 𝐶: 

 
 Transition matrices from 𝐵 to 𝐶:  

[𝒖]஼ = [𝐼௏]஼,஻[𝒖]஻. 

 
9.3. Compositions of Linear Transformations 

 [𝑇 ∘ 𝑆]஼,஺ = [𝑇]஼,஻[𝑆]஼,஺. 

 [𝑇]஻ = [𝐼௏]஻,஼[𝑇]஼[𝐼௏]஼,஻. 

 
9.4. The Vector Spaces ℒ(𝑉,𝑊) 

 Dimension of the set for all linear transformations from 𝑉 to 𝑊: 
dim(ℒ(𝑉,𝑊)) = dim(𝑉) dim(𝑊). 

 Dual space: ℒ(𝑉, 𝔽) = 𝑉∗. 

 dim(𝑉) = dim(𝑉∗). 
 
9.5. Kernels and Ranges 

 (Dimension Theorem for Matrices) 𝑟𝑎𝑛𝑘(𝐴) + 𝑛𝑢𝑙𝑙𝑖𝑡𝑦(𝐴) = 𝑛. 

 (Dimension Theorem for Linear Transformation)  
dim(𝑉) = dim(𝐾𝑒𝑟(𝑇)) + dim(𝑅(𝑇)). 

 
9.6. Isomorphisms 

 Check whether 𝑇 is an isomorphism: 
(a) 𝑇 is a bijective mapping; OR 
(b) [𝑇] is invertible. 

 Check whether 𝑉 and 𝑊 are isomorphic vector spaces: 
(a) There exists an isomorphism 𝑇: 𝑉 → 𝑊; OR 
(b) dim(𝑉) = dim(𝑊). (Theorem 9.6.13) 

 (First Isomorphism Theorem) 𝑉/𝐾𝑒𝑟(𝑇) ≅ 𝑅(𝑇). 


