Cheatsheet Properties of Tian Xiao

MA2213 Numerical Analysis | Chapter 3 — Numerical Methods for Solving Linear Systems
AY2021/22 Semester 1 e Simple Gaussian Elimination to solve the linear system with
augmented matrix A = (4|b) = (aij)nx(n+1):
Chapter 1 — Computer Arithmetic and Computational Error // elimination
e Single-precision floating-point numbers: 1: for i =1, ., n - 1 do
sign exponent digits 2: for J =i+ 1) e, N do
|s | €1, ...e8 by, . byz 3: mii < aji / aii
" notallosoris | 4: for k =1+1, ., n+1do
i _ooo00000 | 5: ajk « axk - Myidi
IO CEEE St R 6: end for
717:_”711111111 WJ: 7. end for No. of Dvisions: ™
—Q—F————llullll - ; 8: end for No. of Subiractions: "~
1 11111111 1 not all 0’s represents —NaN
o Range: (-1.1.. 11 x 1017 ), to (~0.0...01 // backward substitution o

10171111111y gng (40.0 ...01 x 1011111111 to (4+1.1...11 X

9: Xn ¢« a a
1ottty n nne1 / @nmn

10: for i =n -1, .., 1 do

o Denormal numbers are less accurate than normal

b 11: Xi € @i,n+1 No. of Divisions: n
numpers. 12: for J =i+ 1) SO do No. of Subtractions: "=
) ) 13: Xi € Xi - aijXj
. Computer arithmetic: 14: end for No. of Multiplications: ““~2
o x@®y=fUfllx)+ fl(y) 15: Xi € Xi / au
o xQy = fIflx) - fl(y) 16: end for
o x®y = fl(flx) x fl(y)) 17: return (X1, .., Xn)T
o x@y = fIfl(x) + fl(y)

e Gaussian Elimination with simple label swapping:
// swap function

1: j«1i

2: while j <= n and ar¢j),i = @ do

3: jej+1

4: end while

5: if j = n + 1 then

6

7

8

Chapter 2 — Matrix Multiplication
e Two ways to represent a matrix:
/I row major order
al al az az am am

1 n 1 n 1 n

/I column major order

ail am ail am a1 am

: return “Error: Matrix is singular”
: else if j != i then
: swap r(i) and r(j)

9: end if

// elimination

10: for i = 1, .., n do

1 1 2 2 n n

e General matrix multiplication:
1: for i =1, .., m do

2: for j =1, .., p do 11: r(i) « 1
3: Cij « aubyj 12: end for
4: for k =2, ., ndo 13: for i =1, ., n - 1 do
5: Cij « Cij + aikbkj 14: swap
6 end for No. of Multiplications: mnp 15: for J =1+ 1, w, n do
7: end for 16: Mji < ar(j),i/ar),
M i r(3),i r(i),i
8: end for No. of Additions: m(n — 1)p 17: fJOI‘ K —Ji 1 n+1do
: = 3 s
9: return C = (Cij)mp 18: ar(j),k € ar(G),k — Mjidr(i),k
T T
o Instead of b, we can use bj; to reduce hops in memory. 19: end for
20: end for
e Special matrix multiplication: 21: end for
:a:l:: Number of multiplicati and iti in matrix iplication in // backward substitution
Operation No. of Multiplications No. of Additions 22: for i = n, ., 1 do
normal x normal n? n’(n—1) 23: Xi € ar(i),n+1
normal x diagonal n? 0 . .
. Ty per— 24: for j =i+ 1, .., ndo
normal x triangular _— _—
- 2 - 2 25: Xi € Xi = ar(i),jXj
I x H b nn*+3n-2) nn®+n-2) .
normal x Hessenberg p 2 26: end for
zormathri;iiagonall n(3n —2) 2n(n—1) 27: Xi €« Xi / ar(i),i
iagonal x diagonal n 0
- - ey 28: end for
diagonal x triangular _ 0
2 29: return (X1, .., Xn)
diagonal x Hessenberg "+2—"—2 0
diagonal x tridiagonal 3n-2 0 . . . f :
- - CESV e ISRy e Partial pivoting (use the largest entry in the column as pivot
riangular x triangular .
6 3 element):
. . . n(n+1)(2n+1) nn-1)(2n—-1) A A A ~ ~
triangular x opposite triangular 5 3 // swap function with partial pivoting
triangular x Hessenberg (ot 2)("26+ 4n—3) nn+ 42(7[ b)) 1: ] « i
triangular x opposite Hessenberg n(®? +33"—1) "("+13)("—1) 2: for k =i+1, ., ndo
3: if |ar@,i| > |ar).i| then
triangular x tridiagonal w n(n—1) .
2 4: j <k
Hessenberg x Hessenberg (n+4)(nz6)(nil) (n+6)(nzl)(n—1) 5. end if
Hesse'—r:berg >t<)opposite (n+1)(2n% +7n - 6) (n+2)(2n* —n+3) 6: end for
lessenberg 6 2
= 7: if ar@),i = 0 then
Hessenberg x tridiagonal DB +10) n+2)(n—1) r(3.1 o .
2 8: return “Error: Matrix is singular”
tridiagonal x tridiagonal 9n — 10 4n—4 1 f , h
9: else if j != i then
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10: swap r(i) and r(j)
11: end if

Scaled partial pivoting (use the entry with the largest relative
magnitude in its row in the column as pivot element):

// find largest entry in each row
: for k =1, .., n do
Sk « |ak1|
for j = 2, .., ndo

if |a| > s« then

Sk « Iakjl

end if
end for
if s« = @ then

return “Error: Matrix is Singular”
end if
: end for
// swap function
12: j « i
13: max « |ar@)il / se)
14: for k =i + 1, .., n do

[y

W oo NGOV WN

B
R ®

15: ro< larw,il / srw
16: if r > max then
17: j ek

18: max « r

19: end if

20: end for

21: if ary),1 = @ then

22: return “Error: Matrix is singular”
23: else if j != i then

24: swap r(i) and r(j)

25: end if

LU Factorisation to solve the linear system Ax = b (convert A
to the product of a lower triangular matrix (L) and an upper
triangular matrix (U)):

1000 0
1000 0o * o
- 100 | ¢em 00 o

10 000 * *
ooy 0000 *

// preprocess matrix A
1: for i =1, ., n - 1 do
2: for j =i+ 1, .., ndo

3 aji « aji / aii

4 for k =i+ 1, .., ndo
5 ajk « ajk - aji * aik
6: end for

7: end for

8: end for

9: return (aij)nxn
// solve Lb" = b using forward substitution
10: for j = 2, .., n do
11: for i =1, .., j-1do
12: by « b; - aji * bi
13: end for

14: end for

// solve Ux = b* using backward substitution
15: Xn « bn

16: for i = n -1, .., 1 do

17: Xi « bi

18: for j =i+ 1, .., ndo
19: Xi € Xi— aij ¥ Xj
20: end for

21: Xi € Xi / aii

22: end for

23: return (X1, .., Xn)T

o If the rows of matrix A needs to be rearranged, we can
compute L and U such that LU = PA, then solve LUx = Pb.

Properties of Tian Xiao

Chapter 4 — Interpolation and Least Squares Approximation

Horner's method to compute the value of a polynomial:
P(x) = ag + ayx + azx® + -+ + apx™
=ay + x(a, + x(a; + x(... + xay,) ...))

Weierstrass approximation Theorem: Let f be a continuous
function on [a, b], then for any € > 0 there exists a polynomial
P(x) such that vx € [a,b], |f(x) — P(x)| < &.

Lagrange interpolation: Suppose we have n data points
(%0, f(x0)), 1y e f (1)), -y (3n, £ (), then @ polynomial P
is called an interpolating polynomial if it satisfies:

P(xo) = f(xo)

P(x;) = f(x1)

P(xn) = f(xz)
Therefore, we can easily compute the coefficients of a degree-
n polynomial P by solving the following linear system in 0(n®):

<1 xg) <a0> <f(a0)>
1\ \f@
Lagrange basis polynomials:

L) = (x = x0) o (= X321 ) (% — X g) woe (x — %)
* (g — x0) oo (g = g 1) (K = Xger) oor (X — )
Note that:

(1) L, (x) = 1; AND
(2)vj =k, Ly(x;) =0
Hence, we can easily compute an interpolating polynomial by:

P() = ) fGIL)
k=0

Step |: Define w(x) = (x — x)(x — x4) ... (x — x,,). find the
coefficients (Bq. 1. ... Brnrs).

Base case: 8, = —x,, B, = 1, considering only (x — x;).
Recursion: Suppose we know the coefficients of (x —
x0)(x = x1) .. (¥ = x;) @S (Broy Brrs -++r Brei+1), then we want
to find the coefficients of (x — xy) (x — x;) ... (x — xp4q) =
(Bro + BraX + =+ + Brgs1X ) (x — x.41). By comparing
coefficients, we have:

Br+1,0 = —Xi41Pro
Bri1ksz = Brok1
ﬁk+1,j = ﬁk,j—1 - xk+1ﬁkj

Step II: Define w,(x) = (x —xp) ... (x —x,,_ ) (x —
Xpay) ... (x — x,)), find the coefficients (ayq, @y, ... @,).
Note that w(x) = (x — x ) w, (x) = (x — x3) (@o + A1 x +

ot Q™) = =Xy + (A — X Qg )X + -+ (“k,n—1 -
xkakn)x" + a,,x™*1. By comparing coefficients, we have:
Agn = ﬁn+1

k-1 = ﬁn + Xk Qkn
Uro = P1 + X Qpy

Step lll: Compute the coefficients of P(x), (ay.a,,...,a,).
Note that L, (x) = :"(—(;)) and P(x) = Yoo f () Ly (x), we
k(Xk.

have:

AN S
4= ;f(xk) s

Total time complexity is 0 (n?).

// compute the coefficients of w(x)
1: B+ —z0, f1 ¢ 1
2: for k=0,1,--- ,n—1do

3 Br+2 < Br+1

4 for j=k+1,k,---,1do
5 Bj + Bj-1 — Tr+154

6: end for

7 Bo  —x4+160

8: end for
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// compute the coefficients of wk(x)
9. for k=0,1,--- ,n do
10: Okn < Bl
11: forj=n—-1,---,1,0 do
12: Qfj < ﬁ]‘+1 + TRk j4+1
13: end for
14: end for
15: return ay;, k,j =0,1,--- ,n
// compute the coefficients of P(x)
1: for k=0,1--- ,n do
2: cp 1
3: for j =0,1--- ,ndo
4: if j # k then
5: Cp < (%k — .TJj)Ck
6: end if
T end for
8: Cl f(’L‘k)/Ck
9: end for
10: for j =0,1--- ;n do
11: aj < CoQy
12: for k=1,--- ,ndo
13: aj < aj + Cpov;
14: end for
15: end for
16: return (ag,ay,--- ,an)’

e Newton’s divided difference: Define Q,,(x) = B,(x) — P,_,(x),
then Q,(x) = flxo, xq, -, X ] (x — %) (x — x1) . (x — 2521),

where:
n n 1
flxo, x4, e, 2] = ;f(xk) L)[xk —x;

j#k
Then f[xg, %4, ..., x,] is called the n-th divided difference of f.
Set f[xo] = f(x0)-

Intuitively, we have:
Po(x) = f(x0)
P1(x) = Po(x) + flxo, x11(x — x0)

Pn(x) = Pn—l(x) + f[xovxlv -":xn](x —x0)(x — xl) o (X — X 1)

By adding everything together, we have:
n k-1

P = D flor il | [ =)
k=0 j=0

By theorem we also have:
_ f[xll "'!xn] B f[xo' "'!xn—l]
f[xo, ""xn] -

Xn — Xo

e Error of Lagrange interpolation: Suppose we interpolation f(x)
on [a, b] as P,(x), then for any x € [a, b], there exists £ €
(min{x, x, ..., X}, max{x, x, ..., X, }) such that:

0 - =B ) -
( + 1)' 0 n

This can be proved by defining the function:

B(E) = F(©) = Pult) — [£ () — Py o)) o) (E = %)

(x = x0) . (x — %)
and apply Rolle’s Theorem to h"*1(¢).

e Chebyshev nodes: If we want to choose n + 1 nodes from
[—1,1], we can choose Chebyshev nodes:

1
Xj, = cos (%)

Then the following function is a degree-n polynomial woth leading
coefficient 2"71:
T,,(x) = cos(n arccos x)
This polynomial is called Chebyshev polynomial, which satisfies:
n

1
[ =20 =5 Twn (0

k=0

Properties of Tian Xiao
e Least squares approximation: The value of

J60—PG) + 0u = PEDY 44 (0~ P@) i

1 xt
minimised if and only if X"Xa = X"y where X = < )
1 X

¢ QR Factorisation to solve X"Xa = x"y:

1 Xo x{,"
A T,
1 x" xm

Step |: Gram-Schmitz Orthonormalisation
Po = Po Py = Bo/IIBsl
P1=p1— (P1 Do) Po p; = p1/llp1ll

Step Il: QR Factorisation
Q=W - P

lBoll P1-Po - Pm Po
r=| O lpill = Pm-P1
0 0
0 0 = Ipmll

Step llI: Solve X"Xa = x"y
RTQ"QRa =R"Q"y
Ra=Q"y

Chapter 5 — Numerical Integration
e Trapezoidal rule: Suppose n = 1, we have:

b b _
[ rear =22 (7@ + o)

Forn > 1, we have:

b b —
[ Feodr =227t + 276 4+ 27 i) + £G0)

There exists ¢ € (a, b) such that:
f feadx 22 1p@ + F®) = -2 L)

e Simpson’s rule: Suppose n = 2, we have:

f Foodr 2 [r@ + 47 (5 + 7))

Forn > 2, we have:

b h
[ reodx = 3 17Geo) 447G + 27 ) o+ £

There exists ¢ € (a, b) such that:

[ oo =22 @ + 4 (S50) 4+ r] =ty

180

o Newton-Cotes formula:
j fedx = Z wef (a)

b—a

];tk
For closed Newton-Cotes formula with n + 1 nodes, when n is
odd and f(x) is (n + 1)-order differentiable, there exists £ €

(a,b) such that:
hn+2fn+1(€)

b n
[ P =Yl o) =Gy

When n is even and f(x) is (n + 2)-order differentiable, there
exists ¢ € (a, b) such that:
n

[(reod=Y wre
a k=0

hn+3fn+2 (6)
CED A

fns(s —1)..(s —n)ds
0

s?(s—1)..(s —n)ds



