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Basic ODEs
Separable Equation
M(@) - Ny =0= [ M@)de = [ Ny

Integrating Factor
Y + P(z)y = Q(z)
Let p(z) = el Pl@)dz
u(@)y' + ' (z)y = p(2)Q(z)

_ Jp(@)Q(x)dx
y = .
()
Bernoulli Equation
Y + P()y = Qz)y"

Let z =™, then 2’ = (1 —n)y "y :
"y 1 Py " = Q)

!

“— 4 P(@)z = Q)

2nd Order Equation

ay” + by’ +cy =r(x) & ax? +bxr +c=0.

y = CreM® 4 Caet2® A #£ A2 €R
y=(C1+ sz)ekm A =X €ER
y=e**(Crcosfzr+ Casinfiz) A=axpieC

To find the particular solution:
-Ifr e P7, yp(x) < p™.
-If r(z) = g(x)ek?, yp(z) < u(x)e
- If r(x) = g(z) coskx or g(z)sinkz, let z(x) «
u(x)e**® and take Re(z) or Im(z).

kx|

Population Models

Malthus Model

4¥ = (B — D)N < N(t) = NoelB~-D)t,
Logistic Model
_ _ N2 — B/S
=BN —sN? & N(t) = v e mas

B/S is a stable equilibrium point.

System of Linear ODEs

General Linear ODE System
a |z| _|e b| |z - fli—gt” =ax + by
|y c dfly ‘fl—g =cr+dy

Eigenvalues: r = % [Tr(B) +

Solutions: u(t) = Cre™+tuy + C_e™tu_

Nonhomogenous System
x

Phase Plane Classification

+F = —-B~

Both r1 and ro are real:
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Both r1 and r2 are complex:
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System of Non-Linear ODEs

Linearisation

{Z’f = f(z,y)
& =gy

By Taylor expansion,

with equilibrium point (a, b).

Te(B)2 — 4Det(B)] .

{dz ~ fz(a,b) (@ — a) + fy(a,b)(y —b)
‘jl—?t/ ~ gz(a,b)(z — a) + gy(a,b)(y — b)

i _ [fela,t) fy(@b)] [z-a
v gz(a,b)  gy(a,b)| |y —b]|

J(a,b)
Lotka-Volterra Model

dL

& —ywZL — Dp L

dt v £ L: lion; Z: zebra.
dt =B,Z —sLZ

Every trajectory in the contour is periodic:

B, dL Dy, dz

— =S8 —+ | = —u) —=

L dt Z dt
B:InL—sL+DypInZ —uZ =C
F(L, Z) has only 1 maximum = closed.

uwZz — Dy, ul

J(L, Z) = ol
z
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LV Logistic LV
Logistic LV Model

{‘jlf =uZL - DrL

92 — (B.Z —pZ?) - sLZ

Lion Hunting

dt

2 _p 7 _sLZ

{dL_uZL—DLL—H
dt

L)
(%,0): saddle point

(0,0): nodal source
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L T

LV with Hunting Competing Species

Competing Species

T: thylacine;
D: dingo.

dt

4L _ (g — kD)T — bT?
d—? = (c—oT)D —dD?

If two
species are too similar, one will wipe out another.

[Principle of Competitive Exclusion]:

Where Is Everybody?

dt

aM — PM — DyM +mP  M: mutant probe;
“- =BpP —sMP —mP

P: normal probe.

( ,0): saddle point
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Mutant Probes Planetary Orbits

Non-Linear 2nd Order ODEs

Consider the Earth moving around the Sun:
12 =R

M+l 2

" " R= *Tz + 53

The equilibrium point is almost a center.

F=—

Partial Differential Equations

A PDE is an equation containing an unknown func-
tion u of 2 or more independent variables z,vy,- - -
and its partial derivatives with respect to them.

Separation of Variables

PDE: u; = f(z)g(y)uy. Suppose u = X (z)Y (y),
then X'(z)Y (y) = f(2)g(y) X ()Y (y) = k.

X'(z) = kf(z)X ()

Y'(y) = 5yY (v)
Wave Equation
2& — %y he y(tvo)ZO y(tvﬂ-):O
Cort =0 00) = fa) B(0,0) =0

‘We need 4 pieces of information for a solution.



d’Alembert’s Solution

y(t,2) = 3[f(a+ct) + fla —ct)].
Separation of Variables

u +Au=0
, then

v +A?v=0
. {y(t 0) = u(0)u(t) =0

rom )

y(t,m) = u(m)o(t) = 0
for u to cut the z-axis twice, we have A\ > 0.
Let A = n? and u = C cos(nz) + Dsin(nz).
Since u(0) =0, C' =0 and u = D sin(nx).
Since u(w) =0, n € Z.
A cos(nct).
Therefore, y = by sin(nz) cos(nct)
y(0,z) = f(z) is not satisfied yet.

Let y(t, z) = u(z)v(

Similarly, v(t) =
and only

Fourier Series

Any odd function f(z) of period 27 on [0,7] can
o0
> by sin(nx), where

n=

x) sin(nz)dz. So the complete solution

be expressed as f(z) =

bn=2 [/

is: y(t,z) = Z by, sin(nz) cos(nct).
n=1

If we want [0,L] instead of [0,n],
[
Zlbnsin (”—gz) and
n=

the Fourier

formulae becomes g(z) =

b = 2 [ g(o) i (%) d.
(=]

= nZ::1 by, sin (%) cos (—"’Ft).

The complete solu-
tion is: y(t, )
Tsunami (Korteweg-de Vries)

O + Vghozn + %\/%nazn + £h2y/ghd3n = 0,
where 77 denotes the elevation above sea level.

Suppose n = E(x — ct), then we can simplify to
—2AE' +6BEE’ +2CE"" = 0.

—2AFE + 3BE? + 2CE" = 0 (integrate).

—AE? + BE3 + C(E')? = K (integrate w.r.t. E).

Heat Equation

u(0,t) = u(L,t) =0
u(@,0) = f(z)

S us
Solution: u(z,t) = Z by sin “7Z¢ — Tzt

u = czuzz, where

Heat Equation Variant

u(0,t) =0
u(z,0) = f(z)
Let u*(z,t) = u(z, t)f—

u(L,t) =T

up = c2uzz, where

Consider the Fourier series of f(x) — %, then
y nme, 7r2n§c2t
u*(z,t) = Z By, sin “FE L , where B, =

2 LTx nw —
by — £ [ FEsin M2 dx =

2T
LJo L b“+E(*1)n'

Fisher’s Equation

ut = 0uge + Pu(l —u) = heat + rumour.
U(z—ct) =
U(s), moving to the right at constant speed ¢, start-

We seek a solution of the form u(z,t) =

ingat x = 0. Asz — 00, s = o0; but as t — oo,
s = —00. Now ugz = U” and us = —cU’. We can
reduce Fisher’s Equation to

aU" +cU' + U — pU% =0

U=V
Vi=—ty

The system has two equilibrium points (0,0) and
(1,0). (0,0) is a spiral sink if ¢ < 2y/af3, which is re-
jected since U cannot be negative; hence ¢ > 2+/a8,
where (0,0) is a nodal sink.

Bu+ Ly

Diffusion of Lions (Laplace)

When ut = c?(ugq +uyy) and everything has settled
down to a steady state (u; = 0), we have:

Uge + Uyy = 0, u(z,0) = u(0,y) = u(mr,y) =0.
Suppose 0 < z,y < w. Take 4 boundary condi-

tions:

u(z,0) = 0;
u(m,y) = 0;

u(0,y) =0
I ()

u(z, ) =

f(x) describes the density of lions along the bor-
der that has the river. Let u(z,y) = X(x)Y( ),
we have XY + XY" = 0 = —X = ¥ —
A and X(0) = X(n) = 0. Let A = n?, then
X (z) = sin(nz), Y (y) = cnsinh(ny), cn € R. Hence,

o0
u(z,y) = > cnsin(nz)sinh(ny). Putting u(z, ) =
n=1

io: cn sin(nz) sinh(nw).

f(z), we have f(z) =

¢nsinh(nw) = 2 2 [ f(z)sin nm)dz is the Fourier
series of the odd extension of f(z). Since n >
1, sinh(nw) # 0. For example, if f(z) =

sin(z)+0.2 sin(4x), then u(z, y) = c¢1 sin(z) sinh(y)+
cg sin(4x) sinh(4y), where ¢1 =

0.2
sinh(4m) *

1 —
sinh () and ¢z =

Appendix

Trigonometric Identities

- sin, cos: sin?z + cos?x =1

- tan: tanx = 3L
cos @
- Sec, CSC: SeCT = ———; CSCT = ——;
cos T s T
- cot: cotz = = cosz
tan x sin x
-sec?x —tan?x = 1; csc?x —cot?2z =1

- sin(z + y) = sinz cosy + siny cos =
- sin2x = 2sinzcosx

-sing =+ 71730”5

- cos(z +y) = coszcosy — sinzsiny

- cos2x = cos?z —sin?x = 1 — 2sin z = cos
. COS% -+ l4cosx

- tan(z +y) = {HEEENE

tan2e = j2tmmg

-tan 3 = ++/(1 — cosz)(1 + cosz)

- sma}—l—smy = 2sin z;ry cos T5¥

-sinxsiny = —Cos(z+y);°°§(z Y)
- cosx + cosy = 2cos ﬁ cos T5Y

- coszcosy = cos(z— y)+cos(z+y)

2
- sinzcosy = sm(z+y)«£sln(zfy)
- sinh, cosh: cosh?z —sinh?z =1
ef—e™® e’ +e x
2
- tanh: tanhz =
1

; coshz =
sinh x
cosh z

sinhx =

-sechx =
cosih T

-cschx =

sinh z
- coth: cothz = ——
tanh z

- tanh? 2 +sech?z =1

- coth?z —csch?z =1

- sinh(z + y) = sinh z cosh y + sinh y cosh
- sinh 2z = 2sinh x cosh x

- cosh(x 4+ y) = coshx coshy + sinh x sinhy
- cosh 2z = cosh? z + sinh? z

_ _2tanhax
- tanh 2z = 1+tanh? «

Integrals

Basic

-[kde=ka+C

- fa"dx = %Hm"+l+c

-[idz=In|z|+C
-fedz=e*+C

2

r—1

Fractional
-fﬁ:%ln|ax+b|+0
i e = dtan 1 (5) 40
-f\/%dx:sinfl(g)—‘rC
a“—x
—f\/%dm:sinh_l(g)—kc
a x
—f\/%dwzcoshfl(ﬁ)—i-C’
—fa2 xg dz = 1 tanh~ ( )+ C
-fz s dr = —sech 'z +C
1 z=—csch™lz+C

S f—L 4
f |z|\/ 1422

Logarithmic

-flnzdz=zhz—z+C

Trigonometric

- [coszdz =sinz + C

- [sinzdz = —cosz + C

- [tanz dz =In|secz| + C

- [secz dz = In|secu + tanu| + C
- [sec? z dz = tanz + C

- [secztanz dz = secx + C

- fesczcotzdr = —cscx + C

- [esc?xdr = —cotz + C

- [sinhz dz = coshz + C

- fcoshz dz =sinhz + C

- [sech? x dz = tanhz + C

- [cesch?x dx = —cothz + C

- [sechztanhz dz = —sechz + C
- [eschzcothz dz = —cscha + C
- ftanhz dz =In|coshz|+ C

- [cothz dz = In|sinhz|+ C

- [sechz dz = tan~!(sinh )

- [cscha dz = In|tanh §| + C

Special Integrals

- Partial fractions
- Integration by parts:
Judv=uv— fvdu
- [ sin™ z cos™ z dz:
Use trigonometric identities to convert it into

sin® & cos z or cos® z sin z.



