Quiz 2 Cheatsheet

MA3264 Mathematical Modelling
AY2022/23 Semester 1

Basic ODEs and Solutions

1. M(z) - N@y)y' =0

(Separable) Separate the variables
and y and rewrite the equation as
J M(z)dz = [ N(y) dy.

2. y' + P(z)y = Q()

Multiply both sides by an integrating
factor pu(z) = e/ P(@) do;

u(@)y' + u(@)P(z)y = p(@)Q(z)

u(z)y = / 4()Q() da

3.y + P(z)y = Q(z)y™

(Bernoulli) Let z = y'~™, then 2/ =
(1 —n)y~™y’. Hence we have:

¥ + P(z)y' ™™ = Q(x)

*— + P(2)2 = Q(x)

and use integrating factor.
4. ay” +by’ +cy=0

Consider the characteristic equation
az? + bx + ¢ = 0 with roots A\; and \a:
- If M1 # X2 € R, then y =
c1eMT 4 coer2®,
-If A1 = X2 € R, theny = (c1+cgzv)e’\z.
SIf M # A = a+Bi € C, then
y = e**(c1 cos Bz + c2 sin fBz).

5. ay”’ + by +cy =r(x),r(x) #0

The goal is to find the particular
solution y;:

- If r(z) is a polynomial of order n,
guess yp(z) to be a n-th order polyno-
mial.

- If 7(z) is in the form of g(z)ek®, let
vp(@) = u(z)ek

- If r(z) is in the form of g(z) cos kz or
u(z) sin kz, let z(z) = u(z)e?** and take
Re(z) or Im(z)).
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System of 1% Order ODEs
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- Check the direction from what happen on the x-
axis (51gn( ) when x > 0 and y = 0).

- Usually we consider the first quadrant.

Appendix: Common Integrals

Basic
[kdz=kz+C
Ja™dz = —+1m"+1 +C

[idz=I|z|+C
Jetdr=e*+C
Fractional

faa:1+b =lln|aac+b|+C'

fa2+12 dr = Ltan=1(Z)+C
f\/ﬁ x=81n_1(5)+0

fﬁdmzsinh_l(g)%—C
f\/ﬁdax:cosh_l(f)—kc
[ —st-5 dz = L tanh™ 1( )+ C

a“—x

f\/17—2d$:—sech .Z'+C
xT —X
fﬁdm:—csch_lx—i—C

Logarithmic
JInzdz=zlnz —x+C

Trigonometric

Jcosz dx =sinz +C
[sinzdz = —cosz + C
Jtanz dz = In|secz| + C

[ secz dz =1In|secu + tanu| 4+ C
[ sec?z dx =tanz + C
[secztanz dz =secz + C
Jesczeotzdzr = —cscx + C
Jesc?zdr = —cotz+C

[ sinhz dz = coshz + C

J coshz dz = sinhz + C

[ sech? 2z dz = tanhz + C
Jcsch? 2z dz = —cothz + C

J sechztanhz dx = —sechz + C
J eschz cothz dz = —cschz + C

Appendix: Special Integrals

- Partial fractions
- Integration by parts:
Judv=uv— [vdu
- [sin™ z cos™ x da:
Use trigonometric identities to convert

it into sin® z cosz or cos® z sin z.

Appendix: Trigconometric Identities

sin, cos: sin?z 4 cos?z =1
sin x

tan: tanz =
cos T 1
sec, Csc: secT = ;CSCT = ——;
1 COS xT sinT
cot: cotz = ; = cosz
anx sin x

2 2

z—cot?z=1
sin(z + y) = sinz cosy + siny cos
sin2x = 2sinz cosx

sin § ==+ 1—«:%

cos(z + y) = coszcosy — sinzsiny
cos 2z = cos? & — sin?

sec2z —tan?z = 1; csc

z _
COos 5 =

__ _tanz+ttany
tan(m + y) ~ l—tanztany

— _2tanx
tan2z = =205

tan 2 = £./(1 — cosz)(1 + cos z)
sinz + siny = 2sin %y cos ¥
cos(z+y)— cos(z y)

l4cosz
+ 2

sinzsiny =
cosT + cosy = 2cos—ﬂcos—y

cosTcosy = w

2
sinz cosy = sm(:l.‘+y);sm(xfy)

sinh, cosh: cosh?z —sinh?z =1
ef—e” efte”®

2 2
tanh: tanhz =

x
; coshx =

sinh z

coshz

sinhz =

1

seche = ——
coslh T

cschz = —
coth: cothz = ——

tanh? z + sech?z = 1

coth?z —csch?z =1

sinh(z + y) = sinhz coshy + sinh y cosh z
sinh 2z = 2sinh  cosh z

cosh(z +y) = coshz coshy + sinhzsinhy
cosh 2z = cosh? z + sinh? z

_ _2tanhz
tanh 2z = Titanh?

z=1-2sin’z = cos> X~

|
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Basic ODEs and Solutions
1. M{z) - Ny’ =0

(Scpargbic) Separate the variables z
and y and rewrite the cquation as
f M(z)dz = [ N(y) dy.

2.y + P(r)y = Q(z)

Mutltiply both sides by an Integrating
factor j(z) = of Pix)ds,

n(zhy' + p(@)Plr)y = j1(7)Q(x)

)y = / u(r)Qx) dr

3.y + P(z)y = Qz)y"

(Bermoulh) Let z = y'~ ", then 2’ =
(1 =n)y "y’. Hence we have:

y Y+ Py TN = Q)

]—2— + P(r)z = Q(x)
-n

and usc integrating factor
4.0y + by +ep=10

Cousider the characteristic cquation
ar? 4+ br ¢ ¢ — 0 with roots Ay and Ag:
- If AN # A € R,
eMT 4 oyetaE,
WAL = Az € Rotheny — (cr4 ear)e??.
ST A £ A2 = a3 € C, then
y=r"T(cycomdz + cpsinpr).

then y =

S.ay’ 1 by +y—r(r)r(s) £0O

The goal is 10 find the particular
solution yy.:

- r(r) w s polynomial of order n,
guens yp(r) Lo be a n-th order polyms-

mial.

- 1l v(x) is in the form of g(z)e**, lot
vp(z) = ux)c*=.

- I r(z) is in the form of g(z) coskx or
u{z)sinkz, let 3(z) = u(z)e'** and take
Re(z) or Im(2)).

Stability of Solutions
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Appendix: Common Integrals

Basic
[kdz = Lz+ o
f:c"dx—' z""" +C

f:dz—]nlzf+C
Jefdz=e*+C

Fractional

fu'“‘ =1 sinlaz +b]+C

f 31-‘5 da:- ltan~}(%)+C
fmd:r—sm l(§)+C
fT:—Fdx=siuh"l(§)+C
f\/ﬁdx—cush Y5 +c
fp_rgd.rzétanh_l(f)—}-c
frvl.l_—ﬁd_rz—sech"x+0

fF\/ll__.T; dz = —csch™ 4+ C
Logarithmic
fInrdr=zhnz-z+C
Trigonometric

fcoszdz =sinc +C
[sincde=—cosz +C
ftanz dz = Injsecz| + C
[seczdr =In|sccu +tanu| +C
[ec?rdr=tanz 4+ C
Jsecxrtanzdr = secz + C
fescxcotrdr=—cscz+C
fese?odr = —cotx +C
Jsinhrdr = coshz +C
feoshrdr =sinhz+C

fsc(_‘h2 cdc=tanhz+C
fcx:.chz rde=—cothr+C
[sechwtanhzdr = —sechz +C
Jeschrcothr de = —eschr +C

I trahx A4 = tn]osh x|+ C
Scothd Ax 7 In|siahx L+ C

Appendix: Special Integrals

- Partial fractions
- Integration by parts:
Judv=uv- fvdu
- [8in™ z cos™ z dz:
Use trigonometric identities to convert
it into sin* z cos z or cos* zsinz.

Appendix: Trigonometric Identities

sin, cos: sin?r + cos?r = |
sinz
tan: tanx = s
sec, cac: necz=“_,.¢cz-;ﬂ—

1L _ cvsz
ocot: w""u-x‘r

seclz —tan?r=1; s’ r —cot?z =1

sin(z + y) =sinrcosy +sinycosz
sin2z = 2sinzcoaxr

'i“%=* l+m

cos(z 4+ y) = coszcosy —sinzsiny

cos2r = coed x —sin?z = 1 ~ 28in? z = cos* 2~

o = 2 /T2

tan(e ) = P2
tan2z = p2ug
tan § = :k\/il —cosz)(l +cosz)

sinz + siny = 2sin —-lco- =

cos(z+ --m U

sinzsiny =
ct-z+m|y=2cm"—;-'cm'—;l
coszcosy = S{E i) tconlyd

sinzcouy = slu{s+y) taia(z -

sinh, cowh: cash? r — winh? 3 = 1

stihr = '—:,‘——' coshz = ’-—*,1*
tanh: tauhr = !:-E'f!

wechr = —k;

aschz = i

coth. cothzr = ‘_nhi

tanh?r ¢+ soch?zr = 1

coth? z - ach?p = )

winh(z + y) = sinh zcosh y + winh yoouh &
sinh 2r = Isivhz cosh

cosh{£ +y) = cuah £ cosh y +sinh zednh y
conh 2s — canh? 3 +slnb? 3

tanh 2z = AN

Ssehx v = 'tu"(s.‘abm)._,c
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