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1 Perceptron

Classification Problems: To learn a classifier fg that classifies labels.

e Dataset: D = {(x¢,y¢)}7, where x; € R? and y; € {-1,+1}.
e Classifier: fp: R% — {—1,41}.
> Linear classifier: fg = sign (0Tx).

% Z?:l LOSS(yh f9 (xt))~
> 0-1 loss: Loss(y,9) = £(y,9) = 1{§ # y} = {1 J#y

0 otherwise
> Linear separable: 30 [E(8) = 0].
The Perceptron Algorithm:

e Training error: E(f) =

@ Initialize 8(9) to some value (e.g., 0), and initialize index k to 0.
(@ Repeatedly perform the following:
> Select the next example (x¢, y¢) from the training set and check
whether (%) classifies it correctly.
> If it is incorrect (i.e., yt (0(k>)T x; < 0), set @(k+1)  g(k) 4
y¢x¢ and increment k < k + 1.

e Assumptions:
@ Inputs are bounded: 3R € (0,00) Vx¢ € D [||x¢]| < R].
(@ Linearly separable: 30* 3y > 0 [min¢ y: (9*)T xt > v].
e Convergence. Under the initial vector (?) = 0, for any dataset D
satisfying the above assumptions, the perceptron algorithm produces
a vector (%) classifying every example correctly after at most kmax =

R2|0* )% .
—r mistakes (and hence update steps).
Proof. Let R = max||x¢||, v = miny: (%) Tx; for t =1,2,--- ,n
@ (0*)1'0 (0*)T (o(kfl) +tht) 2 (9*)1’9(1@—1) + 7. So
0*)T0F) > kv
@ [6™)]]? = He(k D24 20001, gysey) + el < 10412 4 1|2

So |8 |2 < kR2.
® By Cauchy—Schwarz inequality (v,w) < |lv]| -

GRS, R2|j6* |2
0T 6T = Vimsjey henee k< T

[lwl|, we have 1 >

e Margin: Let v = ming—12,... .n 40 " x;. The quantity ygeom = H%” is

the smallest distance from any example x¢ to the decision boundary
specified by 6

2 Support Vector Machine (SVM)
Maximum Margin Classifier: rrbin %HBH? s.t.Vt [y0 " x,>1] (unique).
e SVM with offset: gl”lé(r)l %||0||2 stV [ye (0T x¢ +60) > 1].
> Support vectors: On margin (y: (0Txt + 90) =1).
e Soft-margin SVM: 6{r(91(i){1<

> ¢ = (¢1,¢2, -+ ,Cn) > 0 is called slack variables.
> Support vectors: On margin/within margin/misclassified.

e Hinge-loss formulation: gnm 1 s1611> + C Z [1—ye (0Txe+ 90)]

> Hinge loss: z — [1 — z]4 = max{O 1- z}.
> Interpretation: Total hinge loss with regularization term %||0||2.

3 Logistic Regression

Logistic Likelihood Model: Pr(y | x) = m.

e g(z) = H% € (0, 1) assigns likelihood to points.
> Scaling the dataset by ¢ > 1 pushes prediction closer to 0 or 1.
> Linear classifier chooses the label that is more likely under the
logistic model.
> Log-odds log Pr((yijﬁz) is a linear function (8, x)+ 6o of inputs.
e Maximum likelihood estimate (MLE) of parameters:
(é,éﬂ) = arg max H Pr(ye | x¢;0,00) (likelihood)
0,00 ¢=1
n 1
= arg max

0,00 t—1 1+ exp(—yt (0T x4 + 6p))
n

1
= arg max Z log
6,00 ¢=1

(likelihood)

(log-likelihood)
1+ exp(—yt (07 x¢ + 60))

(07505 0))).

e Regularization: renén %HOHQ +C i log (14 exp (—yt (0T x¢ +60))).
00 =1

= arg min Z log ( + exp (7
6,00 t=1

> Logistic loss: z — log (1 + e_z).
> Interpretation: Total logistic loss with regularization term %||0||2.
exp(ﬂ x+60¢p C)
Z exp(oTx+90 o )
c/=1
> When M = 2, we recover logistic model by setting (fc,00,c) =
(0,0) for one of the two classes.

e Softmax function (multiclass): Pr(y =c|x) =

4 Linear Regression

-
Linear Predictor: § =60 x + . xp 1 0
e Matrix form: y = XO, where X = and © = [90]
x;lr 1
e Least squares estimate (LSE): © = (XTX)_1 XTy.

> Unique solution if X T X is invertible.
e Gaussian model: y; = (8*) T x; + 0} + zt, where z¢ ~ N (0, a?).

2
> Gaussian PDF: N (z; u,02) = \/2172 exp (— (ZQ;’;) )
yiges

> Pr(y | x) = N(y
> Log-likelihood:
n

;(0%)Tx + 05, 02).

n 1 < 2
log U Pr(yt | x¢) = const. — 5 10ga2 ~ 5.0 Z (yt —0Txs — 00)
t=1 t=1
> MLE of 8 and 6g: (9,90) = arg min Z (yt
0,00 t=1
is assumed to be leOWl’l.
# MLE of 0% 62 = L > (1

GTxt — 90)2.

*0'2

. L2
—0 %1 —do) .
e Gaussian model in matrix form: y = XO* + z.

> LSE: © =@ + (XTX) ' Xz
% No bias: E[@] = ©*
* Covariance: Cov[@®] = o2 (XTX)71
e Ridge regression: (9 00) = arg min Z (ye —
6,00 t=1
> Closed-form solution (w/o offset): 6 = (XTX + )\1)71 xT

* X TX 4+ M is always invertible when A > 0.
> Assuming no offset 0g:

* Bias: E[f] —6* = -\ (XTX +AI) " 0*.
+ Covariance: o2 <(XTX + )\I)_1 - (XTX + AI)_Q)A

d
0Tx; —00)” + X > 62,
j=1

1

Bias-Variance Tradeoff: Decomposition of MSE:

E(|6 - ©°|%] =|E[6] - ©°|]* + E[|© - E[@]|].

bias variance
Proof. Let p = E[©].
@ bias = [jul|? - 2(u, ©%) + [|©7. ) )
® variance = E[[|©]?~2(©, p)+|p[|*] = E[||O]*] -2(E[8], p) +||u||* =

E[|©]] — [|pl>- X
® bias + variance = E[||®|?] — 2(u, ®*) + ||©*||2 = LHS.

® 6%

5 Kernel Method
n

%H0||2+C > Cest.Vt [ye (0T x¢+600) >1—(;]. Kernel: A measure of similarity.
i=1

e Kernel matrix: A function k : R% x R? — R is said to be a positive
semidefinite (PSD) kernel if

@ it is symmetric, i.e., k(x,x’) = k(x’,x);
@ the following kernel matriz is always PSD:
k(x1,x1) k(x1,%Xm)
K =

k(xXm,x1) k(Xm,Xm)
> Polynomial kernel: k(x,x’) = (1 + (x,x))P.
> RBF kernel: k(x,x’) = exp (7%||x —x/||?).
e [k is a PSD kernel iff it equals an inner product (¢(x), ¢(
possibly infinite dimensional) mapping ¢.
e Construction: If k1, ko are kernels, then the following are kernels:
@ k(x,x') = f(x)k1(x,x")f(x") for some function f;
@ k(x,x') = k1(x,x') + ka(x, x');
@ k(xv Xl) =k (X, XI)kQ (X7 xl)'

x')) for some

Kernel Trick: Replace (x,x’) by k(x,x’).

e Possible when algorithm depends on only inputs’ inner products.
e Dual — Kernel SVM: « > 0 support vectors; o = C' violation.

n n
2 +C Z <t Z ar — — Z Z asatysytx Xt
i=1

s=1t=1
s.t. ag € [0,C], Vi;

Z;Ll atyg = 0.

1
Slel (D) max

st ye(8 %y +00) > 1 — Cys k(xs,xt)

¢t = 0,Vt.

6 Gradient-Based Optimization

Gradient Descent: W.r.t. f(x), Xnext = X — 1 - Vf(x).



e Stochastic gradient descent (SGD): Xnext = X — 1+ V f;(x).
e Mini-batch SGD: xpext =x—17- ﬁ Ziel V fi(x).

Subgradient-Based Optimization: Non-differentiable convex functions.

e Subgradient: 9f(x) = {g € R?: f(x') > f(x) + (g, x' — x),vx'}.
> f(z) =|z|: d={1} at x > 0; {—1} at x < 0; [-1,1] at x = 0.
e Subgradient method: Xnext =% —7n-g, g € 9f(x).
> Convergence. Assume that f is convex, minimizer x* exists,
Lipschitz condition (||g|| < M, Vg, x) holds, initialization x()
satisfies ||x(1) — x*|| < R for some finite R. Using subgradi-

ent method with any sequence of step sizes {1}, satisfying

limy, 00 M = 0 and Y2, My, = 0o, we have as k — oo
. (k)) N )
pmin f (x f(x")

we yield a convergence rate of O( sk,

* Choosing n;, = =

f’

Proof. How close the (k + 1)-th iterate is to x*?

é Hx(k+1) 2 % Hx(k) Ce® |
L0 -7 (0 )+ e
< 3RO e (r(x9) =5 ()) e

Rearranging and summing from k£ =1 to K:

kiz(:l T (f (x(k)) -7 (X*D

IN

«|2 1 HX(K+1) e

* qu) _
2

IN

1 2
: me i
2

K 2
cE gy

IA

1oy 1o, Ko,
—R° 4+ —-M an.
2 2 k=1

IN

1p2 1 2K 2
IrR2 4 lm2syE g
f(x*) 2Z—MH035K%OC,

1"k

k:{,y,.i.n. ,Kf (x(k)) _

K 2
S per

Projected Gradient-Based Optimization: Constrained problems.

e Projected gradient descent: Xnext = Il¢ (x — 1 - g).
> Projected to the closest point in fea51ble set C.

7 Boosting
Decision Stump: h(x,0) = h(x, {s, k,00}) = sign(s(zx — 6p)).
e Choose s € {1,—1} s.t. his > % correct.

AdaBoost: Weighted aggregation of simple models (decision stumps).
e Exponential loss: (y, f(x)) — exp(—yf(x)).

@ Initialize wo(t) =1/nfort=1,---,n
® Form=1,---,M do
> Choose the next base learner h(-,0,,) as
6,, = arg min Wy, 1 (t).
tiys#h(xy,0)
1—¢
Afl

> Set 6y = L log m where ¢, =

o wm—1 ().
tryp#h(x¢,0m)
> Update the weights and normalize by Z;,:

1
2

1 o ~
wm (t) = 7wm_1(t)e’yth(xt’9m)ﬂm;
Zm
n

Zim = 3w (1)e " YEh e Om)Em
M t=1

® Output far(x) = > &mh(x
m=1

,0,,) w.r.t. classifier sign(fas(x)).

e Sum of weight w of wrongly classified examples is 1/2.
e Convergence. After M iterations, the training error satisfies

1 2
LS i) < 0) < exp [ —2 Z (775,,1) ,

t=1
In particular, if é,, < % — « for all m and some v > 0, then

1 xn 5
— > My far(xg) <0} < exp <—2M'y )
n o {=1

Proof. The 0-1 loss is bounded by exponential loss:
1 n 1o M
=3 we ) 0¥ < — 3 eT¥tIMO) = Tz,
not=1 not=1 m=1

—1(t) + >

tiyp=h(xy¢,0)

= ea’VYL,wm e_am'w’rn,71<t>

Zm =
tiyg#h(x¢,0)

=Sy, £ eTIM (1 gy)

1—ém _ ém
= —_—m | —
ém 1—ém

1
N N o -5 (1=
=2/em(l—em) = /1— (1 —2em)% < e 2

(1 —ém)

2¢m)2

Combine the two equations above and prove our theorem:

L Z 1{ye fag(xp) <0} < H Zm < H —50-2em)? | 250 (5-em)?

mot=1 m=1

8 Statistical Learning Theory
Hoeffding’s Inequality: Let Z = X1 + - -- + X, where X; € [a4, b;]:

2ne?

1
Pr [7\2 —E[Z]| > e} <2exp | —
" L 5 —ap?
Empirical Risk Minimization: =1
e True risk: R(f) =E[l(y, f(x))].

e Empirical risk: Rn(f) = %Z?:i yi, x;).

e Test err R(f) = train err Ry (f) + generalization err (R(f) — Rn(f))-
PAC Learning: Given a loss function ¢(-,-), a function class F is said
to be PAC-learnable if there exists an algorithm A(D;) and a function
7i(e, &) such that for any distribution Pxy used to generate D, and any
6,0 € (0,1), if n > n(e,d), the following holds with probability at least
1-o R(f) < min R(f) +«.

@ The probability 1 — § corresponds to probably correct.
(@ The error € corresponds to approximately correct.
(® The function 7 is called the sample complexity.
e Thm. For any bounded loss function ¢(y, f(x)) € EO 1], any finite

function class F is PAC-learnable w1th sample complexity
2|.7: \
0
(e,) = -

Proof. By Hoeffding’s inequality,
2
Pr(|R(f) = Bn(f)] 2 o) < 267270,
UAm] <307,

2
U {IR() = Rn(H)] > éo}] < 2|Fle 2D,
fFeF

Apply the union bound Pr[A; U--- Pr[A;]:

: |—7:| 1 2| 7]
Setting RHS as §, we get n = 2 Lolog 2L or g = 4/ 5= log =5

2n
Let f* = argmingc » R(f). Wlth probablhty 1-4,
R(ferm — R(f*) = R(ferm) — Bn(ferm) + Rn(ferm) — Rn(f™)+
Rn(f*) — R(f™)
< eg+ 0+ €eg = 2¢q.
\fl

Setting eg = €/2 and 7i(e, §) = log , we have proven.

> Col. With probability at least 1 — ¢, for all f € F we have:
2| F|

IR() = Rn (9] < — log
> Col. With probability at least 1 — 4,
[z 2|F|
R(ferm) — min R(f) < log —.
Infinite Hypothesis Class: fer n s

e Growth function: Given any n unlabelled data, how many different
assignments of labels can functions in F make?
sup

Su(F) = _sup {(f0aa), - en)

e VC-dimension: Largest k such that S (F) = 2* (can be c0).

> If ]—' can provide 2 different assignments to a set of k points
X1, ,Xg, we say these k points are shattered by F.
d C n
> Sauer’s lemma: fn(]:) <3y (dz)
2 n < VC;
e ){< (feydve > dye.
> If dyc(F) < oo, then F is PAC-learnable under 0-1 loss with
sample complexity fi(e,d) = C - (dyc + log 5)/( 2) for some
constant C. If dyc = oo, then F is not PAC-learnable.

:feF}H.

9 Unsupervised Learning

K-Means Clustering: Repeat the following 2 steps:

(® Assign each point to the nearest cluster center:

Dj={x€D:j= argmin

‘7‘/:11... K
(@ Update cluster center to the average of points in that cluster:
1

2
llse — 1y 123

o= x.

1Pl xeD;

e The objective Z;;l erp, |lx — p;]|? is monotone non-increasing.

Maximum Likelihood Estimate

6 = arg max H Pr(x4; ) = arg max Z log Pr(x¢; 0).
0 =1 0 =1

Appendix
Matrix Properties:
PSD [ Vx € R® [x Ax > (] VA X > 0] & convex
PD Vx #0[xT Ax > 0] VA [A > 0] = strictly convex
NSD | ¥x € R* [x" Ax < 0] VA X < 0] < concave
ND Vx #0[xT Ax < 0] VA [A < 0] = strictly concave
ID none of the above A1 > 0; A2 < 0 | = neither nor

e XX is symmetric and PSD; X "X + AI is PD.
e Eig(A +1I) = Eig(A) + 1. PSD + PD = PD.

e Product of eigenvalues is equal to determinant
[ ]

°

Trace: (1) linear (Tr(E[A]) = E[Tr(A)]); @ u'v =
Derivative: Vx||Ax +b||? =2AT (Ax +b).

Tr(u'v) = Tr(v'u

).



