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= arg max H (likelihood)

6,00 1o 1+ exp(—ye(0Tx¢ + 60))

1 Perceptron

1
= arg max Z log

log-likelihood
6,00 =  1+exp(—y:(8Tx¢+060)) ( )

Classification Problems: To learn a classifier fg that classifies labels

accurately. = arg min log (1 + exp 0" x: + 6o .
gt (1-+cxp (- (070 +0))
e Dataset: D = {(x¢,yt)}"_, where x; € R? and y; € {—1,+1}.
e Classifier: fp :{Héd N {)Etl,l—i-l}. { } e Regularization: ronln 1 H0||2 +C Z log (1 +exp (—y¢ (GTxt +60)))-

> Linear classifier: fg = sign (OTx). > Logistic loss: z — log (1 +e z).

. n
e Training error: E(0) = % >~ Loss(yt, fo(xt))- > Interpretation: Total logistic loss with regularization term %HO\P
t=1

exp(9:x+90,c)
L 5~ 140 1 §#vy e Softmax function: Pr(y = c|x) = 4p————""—.
> 9) = = .
OSS(y y) {y # y} 0 otherwise Cli::l cxp(9;x+0010/)
b A dataset is linearly separable if 30 [E(G) _ 0] > When M = 2, we recover logistic model by setting (0¢,00,c) =

(0,0) for one of the two classes.
The Perceptron Algorithm:

4 Linear Regression

oy . (0> PR . .
(@® Initialize 8\°) to some value (e:g;.7 0), and initialize index k to 0. Linear Predictor: § =07 x + 0. x] 1
(@ Repeatedly perform the following: . R . . 9
> Select the next example (x¢, y;) from the training set and check ¢ Matrix form: = X©, where X = : . and © = 0o’
whether 8(%) classifies it correctly. x) 1
l s s . T ~
> If it is incorrect (ie., ye (6)) x¢ < 0), set 6+ « gk) 1 e Least squares estimate (LSE): © = (XTX)*l XTy.
ytx¢ and increment k < k +1. > Unique solution if X T X is invertible.
e Gaussian model: y; = (8%) "x; + 04 + z¢, where z; ~ N(0, a?)
e Assumptions: . ) 5 1 (z—p)?
(1) Inputs are bounded: 3R € (0,00) Vxt € D [||x¢]| < R]. > Gaussian PDF: N (z;p,0%) = Varoz XP (_ 202 )
- . 39~ : T > Pr(y | x) = N(y; (0*) "x +65,02).
(2) Linearly separable: 30* 3y > 0 [tzlrg{p_ WY 0*) " x¢ > 'y} . o Log-likelihood
e Convergence: Under the initial vector 8(®) = 0, for any dataset D n - 2
satisfying the above assumptions, the perceptron algorithm produces log H Pr(y: | x¢) = const. — 5 log o? — 952 (yt -0 x; - 00) :
a vector 8(F) classifying every example correctly after at most kmax = t=1 t=
2 * (12 ~ o~ n
Rl# mistakes (and hence update steps). > MLE of @ and 6g: <07 90> = argmin Y, (yt —0Tx; — 90)2.
6,00 t=1
Proof. Let R = max ||x¢||, v = miny;(8*) T x; for t = 1,2,--- ,n x o2 is assumed to be known. ,
* — — s AT ~
@ 67)76% = ()7 (0~ +yixi) > (67)T0FD + 4. So * MLE of 0% 62 =1 3> (5o =8 xe — o) .
(0*)T0(k) >k . . . t=1 .
® Ho(k)HQ Ho(k 1)”2 +2<0(k 1) Lyexe) + ||xe]|? < Ho(k 1)H2 e Gaussian ondel lri matrl)_(rforrillz yT: XO* + z.
thH2 So Ho(k)llz < kR2. > LSE: ® =© +A(X X) X'z
(® By Cauchy-Schwarz inequality (vyw) < ||v]| - [[w]|, we have * No bias: E[@] = ©*.
0™ ,0%) Rr2|6%|? * Covariance: Cov[@®] = o2 (XTX) '
L2 e 2 Vemsjery: henee k< - el (X X)

d

; ) T 2 2

e Margin: Let ¥ = ming—1,2,... 5 yt0 ' x¢. The quantity Ygeom = H"’YW is e Ridge regression: (07 90) = arog ggm tz:: (ye —0Txt —0)" +A 21 03
zl;iciglezzllis; glstance from any example x; to the decision boundary b Closed-form solution (w/o offset): o= (XTX T )\I)_l XTy.

% XTX + Al is always invertible when A > 0.
> Assuming no offset 6p:

ias: a1 _ p* — T =1 gx
2 Support Vector Machine (SVM) * Bias: 6] —6 A (X Xt)l‘l) o .
* Covariance: o2 ((XTX +AI)TT A (XTX 4+ AI) )
Bias-Variance Tradeoff: Decomposition of MSE:
(|6 - 6°|1) ~|[E[6] - ©° | + E{|© — E0]|?)

bias variance

Maximum Margin Classifier: Irgn %||0||25.t.‘v’t [thTthH (unique)

e SVM with offset: Iapén%HOHQ st Yt [ye (0T %+ 0) > 1].
100
> Support vectors: On margin (yf (0T x¢ +6p) =1).
2 T Proof. Let p = E[(-:)]
e Soft-margin SVM: mln ||0|| +C Z Cesb.VE [ye (07 xi460) >1—C¢]. .
@ bias = ull? — 2, ©%) + [©°]. A A

@ variance = E[[|©]|2~2(0, ) +||u[|*] = E[||©|*] -2(E[8], p)+||ul|* =
n E[|©]] — le?. X
e Hinge-loss formulation: gnégl %||6||2 + Ctzl [1—ye (OTxt + 00)]+. @ bias + variance = E[||©]|?] — 2(p, ®*) + ||©*||?> = LHS.

> Hinge loss: z — [1 — 2]+ = max{0,1 — z}.

> Interpretation: Total hinge loss with regularization term %HBHQ

= (C1,¢2, - 7Cn) >0is Callcd slack variables.
> Support vectors: On margin/within margin/misclassified.

Appendix

Matrix Properties:
3 Logistic Regression

PSD | Vx € R [x| Ax > 0] AXA>0] & convex
e ) PD Vx £0[xTAx > 0] VA [A > 0] = strictly convex
Logistic Likelihood Model: Pr(y | x) = T+exp(—y (8T x+60)) " NSD | ¥x € R" [x T Ax < 0] AX<0] < concave
ND Vx #0[xTAx < 0] VA [A < 0] = strictly concave
° g(z) = H—% € (0,1) assigns likelihood to points. 1D none of the above A1 > 0;2 <0 | = neither nor

> Scaling the dataset by ¢ > 1 pushes prediction closer to 0 or 1.
> Linear classifier chooses the label that is more likely under the
logistic model.

> Log-odds log % is a linear function (@, x) +6p of inputs.

e XTX is symmetric and PSD; XX + A is PD.

e Eig(A +1I) = Eig(A) + 1. PSD + PD = PD.

e Trace: (1) linear (Tr(E[A]) = E[Tr(A)]); @ uTv = Tr(uTv) = Tr(v ' u).
e Derivative: Vx|Ax + b||? = 2AT(Ax +b).



