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1 Basic Concepts of Probability

Terminology Definition Example
[ l l [

Statistical
experiment
Sample space S

Procedure that produces data
or observations

Set of all possible outcomes of
a statistical experiment

An outcome in the sample 1
space

A subset of the sample space

Rolling a dice

{1,2,3,4,5,6}

Sample point

Event An odd number facing up

e The sample space itself is an event and called a sure event.
e An event that contains no element is called a null event (.

Event: union A U B, intersection A N B, complement A’.
e Mutually exclusive/disjoint: AN B = 0.

> P(AN B) =0 does not mean mutually exclusive (e.g., continuous).

e Contained: A C B.
e Equivalent: AC Band BC A< A=B.

ANA =0 ANP=10 AUA" =S (A" = A
AU(BNC) = AN (BUCQC) = AUB = AU(BnN A= (AnB)U
(AUB)N(AUC) (ANB)U(ANC) A') (AnB’)
e De Morgan’s law: (A1 U A2 U---UA,) = Al NnA,N N AL
(AtnAxNn---NA,) =AlUALU---UAL.

Counting: Multiplication principle + Addition principle.
e Permutation: P’ = #lr),
o Combination: C7* = (7) = #lr),

Probability: How likely event A occurs, P(A).

e Relative frequency: f4 = "TA — P(A) as n — oo.
b0< fa<l;
> fa=1if A occurs in every repetition;
> If A and B are mutually exclusive, then faup = fa + fB-
. Axioms of probability:
@ For any event A, 0 < P(A) < 1;
@ P(S)=1
® ANB=0= P(AUB) =
> P(0) = 0;
> If Ay, Ag, .- ,Ap, are mutually
Paiuasua, = P(A1) + P(A2) +
For any event A, P(A’) =1 — P(A).
For any events A, B, P(A) = P(ANB) + P(AN B’).
For any events A, B, P(AU B) = P(A) + P(B) — P(AN B).
> If A C B, then P(A) < P(B).
s g _ P(ANB)
e Conditional probability: P(B|A) = A
> P(ANB) = P(A)P(B|A) = P(B)P(A|B) if P(A),P(B) # 0.
> P(A|B) = ZLAEDIA,
e Independence: A and B are independent if and only if P(AN B) =
P(A)P(B). We denote this by A L B.
> If P(AR #0, A L B if and only if P(B|A) = P(B).
e Law of total probability: Suppose Ay, A2, -, Ay, is a partition of S.
Then, P(B) =31, P(BNA;) => ", P(A;)P(B|Ay).
e Bayes’ theorem: Suppose Aj, Aa,---, Ay is a partition of S.
P(Ay|B) = P(AR)P(B|A)

20 P(A)P(BlA;) "

P(A) + P(B).

exclusive then

¥ P(A,

events,

v VvV

Then,

2 Random Variables

Random variable: A random variable X : S — R assigns a real number
to every s € S.
e Range space: Rx = {z | z = X(s),s € S}. Either finite or countable.
e Discrete r.v.: Rx = {z1,z2,23, " }.
P(X ==z) forz € Rx;
0 forz ¢ Rx.
> Probability distribution: Collection of pairs (x4, f(x;)).
> Properties of p.m.f.:
@ f(z;) >0 for all z; € Rx;
®@ f(z;) =0 for all z; ¢ Rx;
® Z;z),ieRX f(z:) = 1.
@ Forany BCR, P(X € B) =
e Continuous r.v.:
> Probability density function:
@ f(z) >0forallz € Rx; and f(z) =0 for all x ¢ Rx;

@fR f(z)dz =1;
® Pla<X <b)=

> Probability (mass) function: f(z) =

2 z;eBnRy J(Ei)-

fa f(z) dz.

e Cumulative distribution function: F(z) = P(X < z).
> Pa<X <b)=P(X <b)—P(X <a)=F(@®)— F(a—).
> Continuous: P(a < X <b) =Pla< X <b)=F(b) — F(a).

> Right continuous: F(a) = lim,_, ,+ F(x).
> Convergence to 0 and 1 in the limits:
limg 400 F(z) =1.
Expectation:

limg— oo F(z) = 0

Discrete: E[X] = pux =3, cry ®if (@)

e Continuous: E[X]| = pux = f_ zf(z)dx = fxeRx zf(z) dz.
e ElaX + b] = aE[X] + b.
e E[X + Y] = E[X] +E[Y].
o Discrete: E[g(X)] = > ,cgr, 9(®)f(z); continuous: E[g(X)] =
fo g(z) f(z) dz.
Variance: 0% = V(X) =E[(X — pux)?].
Discrete: V(X) =3 ,cr, (®— pux)?f(z);

°

e Continuous: V(X) = dg, (z — ux)?f(z) dz.
e V(aX +b) = a?V(X).

e V(X)=E[X?] -E[X]%

e Standard deviation: ox = /V(X).

3 Special Probability Distributions

Discrete Distributions

Discrete uniform di?tribution
pm.f.: JCK("‘): i T, X=70% 0, Ay
0 > otherwise .

VIXx)=§y =

E0X) = EE Xi

Bernoulli Distribution: X ~ Bern(p) 0<p<1
nif fulmy= Plxaxy= {F 0 7o
J“)( Erx)= p
2=V = pli—p)= P,
Binomial Distribution: No. of successes in n trails of Bernoulli pro-
cesses; X ~ Bin(n,p).

fx(@)=P(X =2)=0)p*A—p)" *forz=0,1,--- ,n.
px = E[X] = np;o% = V(X) =np(1 - p).

Negative binomial distribution: No. of i.i.d. Bernoulli trials until
first k successes.

jt*m—pw@ o P t-p™* e e,

EC% )= = {i- PP)k

kA1, oo

VIX)=

Geometric distribution: No. of i.i.d. Bernoulli trials untail first

success.

Frlx)= Pr=x) = Pl-pyX |

%] = vI)= -—Pif—

Poisson distribution: No. of events occuring in a fixed period of
time/fixed region; X ~ Poisson(\).

Erx]= X VIx)= A
Porsson process: Condingum ~tme process wity
Porsgon (o] >, rote ol .
Poisson a’PF‘“O)(\""K"l""O'\ to Braom ial * Let X~ (n,P>.
Suppose N>, P30 4. NP 13 constant, """P"( 0L F(ﬂr)’
e Good when n > 20;p < 0.05 or n > 100; np g 10,

Continuous Distributions

Continuous uniform distribution: X ~ U(a,b).

fxtx):f b_:,_ S TN
D , otherwite
IE(._%J: le \/(X)’ (b ’)

, 7(‘0\
A—a
—S ,0<X<b

b-o~
A= ).

c.d-f.: Flrd=
]




Exponential distribution: X ~ Exp(}\).

Fx1%) = f’\eo"\x / X>o

Xco

’

- \
BL*)> == VUal#]= —;; :

—p ~kx
AL, F#L"Q‘f I-e , XZo
o, X<o
Pemative forea: ph= — £r00)=

Theorem. PUX> S5+t | X25) = p(x=¢>

|

—

ey
-2
Y

0,X<0o .
£ Meronyless”)

Azo

Normal distribution: X ~ N (u,02).

)
(XD =
T2 3

ED‘]=,U~ ’ ert*]‘ 6’2.
et z= 25

] Z

fal®rs = e~
P(R70)=pL2£o)=B(o)=0.5

7 Then E~NE©O)

e-(xw)‘/(1€’> — <X <D

(=PRI =P(Z»-V= |- F(-2).

F 2~N, ) |, tlhea 2 Nio 1Y
2N, 1y, Fthen £+ umunNiri6™)
A-th vpper quantile - P(X = ?fa.) = A,
Z wpres quontile s P(Z2Z)= o

® 20.05 = 1.645;20.01 = 2.326.

Norma| appeokimoteon +0 binpwign] =

let X~Binlnpd, st ECx)=np ., VIX)= Pl-pD,
fs now . 2. R e R

AV gy~ MO

Continunity coer ection -

POt % k- £ < Xe kg
POeX b Plasd cxcpedy
P(a<X5L)a\'/}7(o\—+z‘<)(< ;,_(.—;‘z)
Plrsyeldn pra-sex=p-5)
Plariycy) = Plat< < ¥< L~§)
PUX€ey=plos xe ey n pl-peyert )
P(X7C)=F(C<X£m)¢t

c+d, 1
Appendix: Table of Normal Distribution Pletsexe nts)
1 2 3 45 6 7 8 9
z 0 1 2 3 4 5 6 7 8 9 ADD
0.0 1 0.5000 | 0.5040 0.5080 0.5120|0.5160 0.5199 0.5239|0.5279 0.5319 0.5359 |4 8 12|16 20 24|28 32 36
0.1 [0.5398|0.5438 0.5478 0.5517|0.5557 0.5596 0.5636|0.5675 0.5714 05753 |4 8 12|16 20 24|28 32 36
0.2 [{0.57930.5832 0.5871 0.5910|0.5948 0.5987 0.6026 | 0.6064 0.6103 0.6141 |4 8 12(15 19 23|27 31 35
0.3 ({0.6179]0.6217 0.6255 0.6293 |0.6331 0.6368 0.6406|0.6443 0.6480 0.6517 (4 7 11|15 19 22|26 30 34
0.4 [0.6554]0.6591 0.6628 0.6664 |0.6700 0.6736 0.6772|0.6808 0.6844 0.6879 |4 7 11|14 18 22|25 29 32
0.5 [{0.6915|0.6950 0.6985 0.7019|0.7054 0.7088 0.7123 (0.7157 0.7190 0.7224 |3 7 10{14 17 20|24 27 31
0.6 {0.725710.7291 0.7324 0.7357|0.7389 0.7422 0.7454(0.7486 0.7517 0.7549 (3 7 10(13 16 19|23 26 29
0.7 [0.7580 | 0.7611 0.7642 0.7673 |0.7704 0.7734 0.7764|0.7794 0.7823 0.7852 |3 6 9(12 15 18|21 24 27
0.8 {0.7881 | 0.7910 0.7939 0.7967 | 0.7995 0.8023 0.8051 [ 0.8078 0.8106 0.8133 |3 5 8|11 14 16|19 22 25
0.9 {0.8159|0.8186 0.8212 0.8238 |0.8264 0.8289 0.8315[0.8340 0.8365 0.8389 (3 5 8(10 13 15|18 20 23
1.0 {0.8413 | 0.8438 0.8461 0.8485(0.8508 0.8531 0.8554|0.8577 0.8599 0.8621|2 5 7| 9 12 14(16 19 21
1.1 {0.8643 | 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770|0.8790 0.8810 0.8830|2 4 6| 8 10 12(14 16 18
1.2 10.8849 | 0.8869 0.8888 0.8907|0.8925 0.8944 0.8962 |0.8980 0.8997 090152 4 6| 7 9 11|13 15 17
1.3 {0.9032 | 0.9049 0.9066 0.9082(0.9099 0.9115 0.9131|09147 09162 091772 3 5| 6 8 10(11 13 14
1.4 {09192 |0.9207 0.9222 0.9236(0.9251 0.9265 0.92790.9292 09306 09319|1 3 4| 6 7 8(10 11 13
1.5 109332 (0.9345 0.9357 0.9370|0.9382 0.9394 0.9406 09418 09429 094411 2 4|5 6 7| 8 10 11
1.6 {0.9452 |0.9463 0.9474 0.9484(0.9495 0.9505 0.9515|0.9525 0.9535 09545|1 2 3|4 5 6|7 8 9
1.7 {0.9554|0.9564 0.9573 0.9582(0.9591 0.9599 0.9608 |0.9616 0.9625 09633 |1 2 3|4 4 56 7 8
1.8 {0.9641 | 0.9649 0.9656 0.9664 |0.9671 0.9678 0.9686|0.9693 0.9699 09706 |1 1 2|3 4 45 6 6
1.9 {09713 0.9719 0.9726 0.9732(0.9738 0.9744 0.9750|0.9756 09761 09767|1 1 2|2 3 4(4 5 5
2.0 109772 10.9778 0.9783 0.9788|0.9793 0.9798 0.9803 {0.9808 09812 098170 1 1|2 2 3|3 4 4
2.1 {09821 |0.9826 0.9830 0.9834|0.9838 0.9842 0.9846|0.9850 0.9854 098570 1 1{2 2 2|3 3 4
2.2 10.9861 | 0.9864 0.9868 0.9871|0.9875 0.9878 0.9881|0.9884 09887 098900 1 1|1 2 2|2 3 3
2.3 10.9893 (0.9896 0.9898 0.9901|0.9904 0.9906 0.9909|0.9911 09913 099160 1 1|1 1 2|2 2 2
2.4 (09918 {0.9920 0.9922 0.9925(0.9927 0.9929 0.9931|0.9932 0.9934 099360 0 1|1 1 1|1 2 2
2.5 10.9938 {0.9940 0.9941 0.9943|0.9945 0.9946 0.9948 {0.9949 0.9951 099520 O O 1 1 1|1 1 1
2.6 10.9953 10.9955 0.9956 0.995710.9959 0.9960 0.9961 |0.9962 09963 099640 0 0 0 1 1|1 1 1
2.7 10.9965 | 0.9966 0.9967 0.9968 | 0.9969 0.9970 0.9971|0.9972 09973 099740 0 0/ 0 O 1|1 1 1
2.8 [0.9974 09975 0.9976 0.9977(0.9977 0.9978 0.9979|0.9979 0.9980 099810 0 O[O0 O O[O 1 1
2.9 10.9981 [ 0.9982 0.9982 0.9983|0.9984 0.9984 0.9985|0.9985 0.9986 0998 |0 0 0| 0 O 0|0 O O




