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1. Simple Linear Regression

1.1. Introduction
. Pearson’s Correlation: Let X and Y be two random

variables, the theoretical Pearson’s Correlation is defined

as py, = —2&N __ S G0y
P Vartvart) om0z n -2

o pyy > 0 - positive correlation
o pxy <0 - negative correlation
0 pxy = 0-no linear relationship
e  Simple Regression Model: Y = B, + B, X + €, where B, 5,
are regression coefficients and € is a random error.
o  Regression Function: EY = g, + 5, X.
o  General assumptions:
1) x; and ¢; are independent.
2) ¢;’s have mean zero.
3) ¢;’s are pairwise uncorrelated
(Cov(ei,ej) =0).
4) (Homogeneity) €;'s have common
variance o2.
5)  (Normality) €;’s have a normal

distribution.

1.2. The Estimation of LRM

e  Least Square Estimation of 8, and g;:
(ﬁo, ﬁl) minimizes E(Y - bO — blx)z

1 n
=2 ) 0= By b’

Let Q = X, (y; — Bo — B1x;)?. By minimizing Q, we can
estimate the parameters:
7 = Yt (i — X)()ii -0
Ny (e — X)?
Bo=Y-bX

where X = % nox;and Y = i v
e  Least Square Estimation of o:

Since €~N(0,02), 6% = E(e2) — E(€)? = E(€?).

Hence it can be estimated by:

n 2
i=16i

n — 2 — degree of freedom

o2 2

=s
where § is called residue standard error.

o  Log Likelihood Function:
L 2y} — nl 2 2 1 N 2
(6 = ) n(2ro )—F 4_1(371‘ = Bo — B1x)

The maximum likelihood estimate (MLE) of o2 is
given by:

2 n—2

— 2
OMLE =

N
n

o  Fitted Regression Function: ¥ = B, + B, X
o Fitted values: 5, = B, + Byx;

o Residues:e; =y, — ¥,
e  Sum of Squares
o  Total sum of squares (SST) estimates the

variance of Y:

n
SST = Z(yi -7)?
i=1

o  Regression sum of squares (SSR) is the

variation of Y explained by X:
n
SSR = Z(;?, -7)?
=1

o  Residue sum of squares (SSE) is the variation of

Y caused by random errors:
n
SSE = > (= 9
=1

o SST = SSR + SSE
Source d.f. SS MS F

Regression 1 SSR MSR MSR/MSE
Error n—2 SSE MSE
Total n—1 SST

SSR

e  Coefficient of Determination: R? = pres

o  R%is the proportion of the variation in Y
explained by X. It measures the strength of

correlation between Y and X.
o R?=corr(Y,X)? = corr(Y, }7)2
o  Adjusted R?: A less biased estimate.

n—1 p
R2 = R? —
¢ n-p-1 n—-p-—1

1.3. Theories of Normal Distribution

1 _ 1 2
~e 7521

e Normal Distribution: f(y|u,?) =

V2mo
o  Denotation: N(u,a?)
o Ifu=0,0%=1,itis called standard normal

distribution.
. Multivariate Normal Distribution:
_ o—3EWTE w)
(2r|Z))2
o Denotation: N (u, X)

flzlpZ) =

o  If Z is a multivariate normal vector, then for any
constant matrix B, BZ~N(Bu, BEB™).

o For any constant vector c, the linear
combination ¢'Z has a univariate normal
distribution N(cTu, cTZc).

e y2-distribution: Suppose Z = (Z,, ..., Z,,)" is a multivariate
normal vector with N (0, I. The distribution of ZTZ =
m . Z?Zis called the y2-distribution with d.f. m and is

denoted by y2,.



Notes
e  t-distribution: Suppose Z~N(0,1), U~x2, Z and U are

independent. The distribution of ﬁ is called the t-

T
distribution with d.f. m and is denoted by t,,.

e  F-distribution: Suppose U~xZ, V~x2, U and V are

independent. The distribution of 11///71:: is called the F-

distribution of d.f. m and n, denoted by F, ..

1.4. Properties of Least Square Estimation

e Unbiasedness: E(B,) = By, E(B,) = B,, E(s%) = o2

e  Properties of fitted parameters:
o 1 X2
o BN (ﬁ"’ [Z+2}Ll(xi—)?>2] ”Z)
— a?
o AN (ﬁl'z;;l(xi—mZ)
SZ
o (m-2)% ~Xh-2
e Properties of fitted value, ¥:
o EY=EY
o Var(?) = var(B,) + 2XCov(By, B) + X?Var(B;)
1 X —X)?
=|-+ (7)_ a?
no YL, X — X)?
o E(r- ?)z = Var(?) — Var(e)
[ 1 X - X)? ] )
= =l o

1+=+ _
n YL (X;—X)?

1.5. Statistical Inference for Simple Regression Model

e  Significant Test: To test whether or not there is a linear
regression relationship between the response variable
and the covariate.

o Null hypothesis: There is no such relationship.
MSR

o  Test statistics: F = —
MSE

o Under the null hypothesis, F~F, ,_,.
o IfF > fi,_,(a), the null hypothesis is rejected
at level a. Otherwise, it is not rejected.
e  Two-sided Significant Test for §;:
o Null hypothesis: Hy: 8, = 0
o Alternative hypothesis: H;:  # 0

o  Test statistics: Tog, = %. Under Hy, Togi~tn—_o-
1

2

Here, s2(B;) = =———.
$* B = S

o p-value: p = P(lty_5| > |Top,
o  Decision rule (with significance level a):
1) 1 |Top,| > taes (%) reject H;
otherwise, do not reject H,,.
2) Ifp < a, reject Hy; otherwise, do not
reject H,.
o 100(1 — @)% confidence interval for B;:
B2 = taa () sB). B + s (5) 5(B0)]
e  One-sided Significant Test for ;:
o  Hypotheses:
1)  Hy:py <0vsH;:p; > 0;
2) Hy:p,=0vsH;:p; <0.

Note that the equal sign must with H,.
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o  Decision rule:
1) If Ty > ty_5(a), reject Hy. Otherwise,
do not reject H,,.
2) I Typ < —tn_p(@), reject H,.
Otherwise, do not reject H,.
o  p-value:
1) p =Pty > Top1)
2)  p=P(tn-2 <Top1)
o 100(1 — @)% lower confidence bound for g;:
By = B\l - tnfz(a)S(E)

This corresponds to the one-sided test (1).

100(1 — @)% lower confidence bound for B;:
B < B\l + tnfz(a)S(E)
This corresponds to the one-sided test (2).

e  Significant Test for f:

Fobo ynder Hy, Tg,~tn_».

H H . — Po~.
o  Test statistics: Tg, = )

2(77) — 2|2 x2
Here, s*(o) = s [n+2?=1(xi—)?)2]'
e  Confidence Interval for E(Y):

a 1 (x, — X)2
o AT PO S v
Yntths (2) S (n + (X, — X)?

. Prediction Interval for Y,,,,:

(xp, —X)? )

Fittaa (D) [s2 (142 e X
h="=213 n o Y,(X; —X)?

1.6. R Commands and Interpretation of Results

Example - Simple Linear Regression Model

: Input the data into a data frame:
impre adver

1 32.1 50.1 ql.dat=read.table(PATH_TO_FILE,header=TRUE)

2 99.6 74.1

3 11.7 19.3 Make the variables in the data frame available in the R console:
4 219 22.9 _ : -

s 0.8 82.4 7 ql.dat$impre; x=ql.dat$adver

6 78.6 40.1 Plot impre on the vertical axis and adver on the horizontal axis:
7 92.4 185.9

8 50.7 26.9 Plot(x, y, xlab="Expenditure”, ylab="Impression”)
9 21.4 20.4 [jtg simple linear regression to the data:

10 40.1 166.2

11 40.8 27.0 ql.fit = Im(y~x); summary(ql.fit)

12 10.4 45.6 " " P $i

13 88.9 154.9 Plotthe regression

14 12.6 5.0 abline(ql.fit,col="blue”)

15 29.2 49.7

16 38.0 26.9 Plot the residue against the fitted values:

17 10.6 5.7 _ . .

18 12.3 7.6 T = ql.fitsresid

19 23.4 9.2 fitted = ql.fit$fitted

20 71.1 32.4

21 4.4 6.1 Pplot(fitted, r, xlab="Fitted values, ylab="Residuals”)
Results:

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 22.16269 7.08948 3.126 0.00556 *x*
X 0.36317 0.09712 3.739 0.00139 *x*

Fitted regression function: y = 22.1627 + 0.36317x
Predict a value: predict(ql.fit, 1ist(x=50))

» read.csv: input data from Excel file with .csv format.

» read.table: input data from text file with .txt format.
> plot(x, y): plot y against x.
» object = Im(y~x): to call the 1m to estimate the model and store the
results in object.
> summary(object): list the estimation results.
> abline(object): draw the fitted regression line over the scatter plot of
y againt x, it must be preceded by plot (x,y).
> fitted = object$fitted: extract the fitted y and store them in
fitted
> r=residuals(object): extract the residuals and store them in r.
» Predicting at new covariate values:
predict(object, newdata,
interval = c("none", "confidence", "prediction"),
level = 0.95)



Notes
Interpretation:

Estimate: (Intercept) — Bo, X — Bi.

Std. Error: sd(Bo), sd(f1).

t value: fo/sd(Bo), B1/sd(fr).

Pr(>|tl): p-values for two-sided tests on By and f3i.
Residual standard error: 4.

Multiple R-squared: R2.

Adjusted R-squared: RZ2.

F-statistic: MSR/MSE.

p-value: p-value of the significant F test.
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2. Multiple Linear Regression

2.1. Multiple LSM and its Estimation

. Multiple Linear Regression Model:
Y=00+p X1+ +BpX, +€
o  Multiple Linear Regression Function:
EY = By + i Xy + -+ BpX,
EY can also be written as E(Y|X).
o y=XB+e

1 xa1  Xxip Bo n €1
1 1 - xep B y2 >
X=1. . . B= . Y= . JE= .
1 Xm ot Xnp B Yn €n

e  Least Square Estimation of g:
B=(&"X)"X"y

e  Least Square Estimation of o

ly —x&TX) X Tyl

ot n—-p-1
e  Properties of Hat Matrix H = (XTX)~xT:
o HX =X
o H?=H

o (I-H)?*=I-H
o Residuevectorre=y—-y=(U—-H)y
e  Sum of Squares

Y=Yy

Yn—Y
SST = y{y, = y"HH,y

o SST: Lety,:< )Zy—lj_/Eth.

o SSR:
SSR = yry, = y"H/H,y
o SSE:
SSE =e"e = yTHIH,y
o SST = SSR + SSE
o  df. of SST,SSR,SSE:n—1,p,n—p—1

. Distributions of Sum of Squares:
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SSE _,
o P Xn-p-1
SSR_,
°© 2
Source of
Variation SS df MS F-statistic
Regression SSR p MSR = % MSR/MSE

Error SSE n—p—-1 MSE= ,,ff,'il

Total SST n—1

e  Coefficient of Multiple Determination:
YLG—7)? SR
Y (i —y)?  SST
o  R%=corr(y, §)?

R? =

o  Adjusted R%: R2 = R? — ni’;il (1 -R?)

2.2. Inference on Least Square Estimation

. Properties of Least Square Estimation:
o B~N(E(B).var(B))
E(B)=8
Var(B) = o2(X"X)?

52 2
o (m-p-D5~Xnp

MSR
© MSE ~Fpn-p-1

e  Significance Test: Does the regression function have a
significant effect on the response variable?
o Hypy=-=p=0
o Hj:Atleastoneof §;,..,6, #0

MSR

o  Test statistics: F = SE" Under Hy, F~Fp;_,_1.

o Wald test statistics: W = BT5'B. F = %
o  Decisionrule: If f > f,,_,,_1(a), reject Hy;
otherwise, do not reject H,,.
. Individual t-test:

o Hypothesis: Hy: §; = 0 vs Hy: 5; # 0.

o  Test statistics: t = ? Under Hy, t~t,_p_;.
J

o p-value:p = 2P(ty_p_q = t)

a

o  Decisionrule: If [t| = t,_,_; (2), reject Hy;

otherwise, do not reject H,,.

o Confidence interval:
a

St (3 5 2]



t-distribution
table

Areas in the upper tail are
given along the top of the
table. Critical t* values
are given in the table.

/ Probability p
L I A

7

df 0.1 0.05 0.025 0.0z 0.01 0.005
1 3.073 6.314 12.706 15.835 3821 B3EST
2 1686 2920 4.303 4.643 5.965 3925
3 1635 2393 3182 3.482 4.541 5.84
4 1533 2132 2776 2933 3747 4. 604
5 1476 2015 25™M 2737 3.365 4.032
5 1440 1943 2.447 2612 3143 3707
T 1415 1835 2.365 2517 2933 3.433
g 1397 1860 2.306 2.443 2.896 3.355
3 1383 1833 2.262 2.338 2821 3.250

o 1372 1812 2.228 2333 2.764 3183
1l 1363 1736 2.2m 2.328 2715 3.106
12 1356 1782 2173 2.303 2631 3.035
13 1350 171 2160 2.282 2.650 302
1G] 1345 1761 2145 2.264 2.624 2977
1= 1341 1793 213 2.243 2.602 2.947
16 1337 1746 2120 2.235 2.583 2921
i 1333 1740 210 2.224 2.567 2.833
16 1330 1734 2101 2214 2.552 2878
13 1328 1729 2.033 2.205 2533 2.861
20 1325 1725 2.086 2137 2.528 2.845
21 1323 1721 2.080 2183 2516 283
22 1321 1717 2.074 2183 2.508 2813
23 1313 174 2.063 2177 2.500 2.807
24 1315 1™ 2.064 2172 2.432 2.797
25 1316 1708 2.080 2167 2.485 2787
26 1315 1706 2.036 2162 2473 2773
27 1314 1703 2.052 2158 2473 277
28 1313 1701 2.045 2154 2,467 2.763
23 1M 1633 2.045 2150 2.462 2. 736
30 1310 1637 2.042 2147 2.457 2.730
i 1309 1636 2.040 2144 2453 2.744
32 1305 1634 2.037 214 2.443 2.738
33 1308 1632 2.035 2135 2.445 2.733
34 1307 1691 2.032 2136 2441 2728
35 1306 1630 2.030 2133 2,433 2,724
36 1.306 1685 2.028 213 2.434 2713
37 1305 1687 2.026 2129 2431 2715
38 1304 1686 2.024 2127 2423 272
33 1304 1685 2023 2125 2426 2,708
40 1303 1684 2.021 2123 2423 2.704
41 1303 1683 2.020 2121 2421 270
4z 1302 1682 2016 2120 2416 2.635
43 1302 1631 207 2118 2476 2.635
44 1301 1680 2015 2116 2414 2.632
45 1301 1673 204 2115 2412 2.630
45 1.300 1673 203 214 2410 2.687
47 1300 1678 202 212 2.408 2.685
43 1235 1677 201 Zm 2407 2.682
43 1233 1677 2.0 210 2.405 2.680
50 1233 1676 2.003 2109 2.403 2678

df 0.1 0.05 0.025 0.02 0.01 0.005
51 1235 1.675 2.008 2.108 2402 2.676
52 1238 1.675 2.007 2.107 2.400 2.674
53 1238 1674 2.006 2.106 2.399 2672
54 1237 1674 2.005 2.105 2.397 2.670
55 1237 1673 2.004 2.104 2.396 2.668
56 1237 1673 2.003 2.103 2.395 2.667
57 1237 1672 2.002 2.102 2.354 2.665
5B 1236 1672 2.002 2.101 2.392 2.663
59 1236 1671 2.001 2.100 2.391 2.662
60 1236 1671 2.000 2.099 2.390 2.660
61 1236 1.670 2.000 2.099 2.389 2.659
62 1235 1.670 1999 2.098 2.388 2.657
63 1235 1.665 1958 2.097 2.387 2.656
B4 1235 1.665 1958 2.096 2.386 2.655
65 1235 1.665 1997 2.096 2.385 2.654
66 1235 1.668 1997 2.095 2.384 2.652
67 1234 1668 1996 2.095 2.383 2.651
68 1234 1668 1.995 2.094 2.382 2.650
69 1234 1667 1.995 2.093 2.382 2.649
70 1234 1667 1954 2.093 2.381 2.648
71 1234 1.667 1554 2.092 2.380 2.647
72 1233 1.666 19593 2.092 2.379 2.646
73 1233 1.666 1.993 2.091 2.379 2.645
74 1233 1.666 1.993 2.091 2.378 2.644
75 1233 1.665 1992 2.090 2.377 2.643
76 1233 1.665 1992 2.090 2.376 2.642
77 1233 1.665 1991 2.089 2.376 2.641
7B 1232 1.665 1991 2.089 2.375 2.640
79 1232 1664 1990 2.088 2.374 2.640
B0 1232 1664 1950 2.088 2.374 2.639
81 1232 1.664 1950 2.087 2.373 2.638
B2 1232 1.664 1989 2.087 2.373 2.637
B3 1232 1.663 1989 2.087 2.372 21.636
B4 1232 1.663 1989 2.0B6 2.372 2.636
B5 1232 1.663 19BE 2.0B6 2.371 2.635
Bb 123 1.663 1988 2.085 2.370 2.634
B7 123 1.663 1988 2.085 2.370 2.634
8B 1231 1.662 1987 2.085 2.369 2.633
89 123 1662 1987 2.084 2.369 2632
90 123 1662 1987 2.084 2.368 2.632
81 123 1.662 1986 2.084 2.368 2.631
92 123 1.662 1986 2.083 2.368 2.630
93 123 1.661 1986 2.083 2.367 2.630
84 123 1661 1986 2.083 2.367 2.629
95 123 1661 1985 2.082 2.366 2.629
96 1230 1661 1985 2.082 2.366 2.628
97 1230 1661 1985 2082 2.365 2627
98 1230 1661 14584 2081 2.365 2627
99 1230 1.660 15984 2.081 2.365 2.626

100 1230 1.660 1984 2.081 2.364 2626




