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ST3131 Regression Analysis 
AY2021/22 Semester 2 

1. Simple Linear Regression 
1.1. Introduction 

• Pearson’s Correlation: Let 𝑋 and 𝑌 be two random 

variables, the theoretical Pearson’s Correlation is defined 

as 𝜌!" =
#$%(',))

+,-.('),-.())
= ∑ (!!0!̅)("!0"2)"
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o 𝜌!" > 0 → positive correlation 

o 𝜌!" < 0 → negative correlation 

o 𝜌!" = 0 → no linear relationship 

• Simple Regression Model: 𝑌 = 𝛽4 + 𝛽5𝑋 + 𝜖, where 𝛽4, 𝛽5 

are regression coefficients and 𝜖 is a random error. 

o Regression Function: 𝐸𝑌 = 𝛽4 + 𝛽5𝑋. 

o General assumptions: 

1) 𝑥6 and 𝜖6 are independent. 

2) 𝜖6’s have mean zero. 

3) 𝜖6’s are pairwise uncorrelated 

(𝐶𝑜𝑣2𝜖6 , 𝜖73 = 0). 

4) (Homogeneity) 𝜖6’s have common 

variance 𝜎8. 

5) (Normality) 𝜖6’s have a normal 

distribution. 

 

1.2. The Estimation of LRM 

• Least Square Estimation of 𝛽4 and 𝛽5:  
(𝛽4, 𝛽5) minimizes 𝐸(𝑌 − 𝑏4 − 𝑏5𝑋)8 

=
1
𝑛;

(𝑦6 − 𝛽4 − 𝛽5𝑥6)8
9
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Let 𝑄 = ∑ (𝑦6 − 𝛽4 − 𝛽5𝑥6)89
6:5 . By minimizing 𝑄, we can 

estimate the parameters: 

𝛽5? =
∑ (𝑥6 − 𝑋@)(𝑦6 − 𝑌@)9
6:5

∑ (𝑥6 − 𝑋@)89
6:5

 

𝛽4? = 𝑌@ − 𝑏5𝑋@ 

where 𝑋@ = 5
9
∑ 𝑥69
6:5  and 𝑌@ = 5

9
∑ 𝑦69
6:5 . 

• Least Square Estimation of 𝜎8: 

Since 𝜖~𝑁(0, 𝜎8), 𝜎8 = 𝐸(𝜖8) − 𝐸(𝜖)8 = 𝐸(𝜖8). 

Hence it can be estimated by: 

𝜎8? = 𝑠8 =
∑ 𝑒689
6:5

𝑛 − 2  

where 𝜎F is called residue standard error.  

o Log Likelihood Function:  

𝐿(𝜎8) = −
𝑛
2 ln

(2𝜋𝜎8) −
1
2𝜎8;

(𝑦6 − 𝛽4 − 𝛽5𝑥6)8
9
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The maximum likelihood estimate (MLE) of 𝜎8 is 

given by: 

𝜎F;<=8 =
𝑛 − 2
𝑛 𝑠8 

• Fitted Regression Function: 𝑌@ = 𝛽4? + 𝛽5?𝑋@ 

o Fitted values: 𝑦>K = 𝛽4? + 𝛽5?𝑥6 

o Residues: 𝑒6 = 𝑦6 − 𝑦>K  

• Sum of Squares 

o Total sum of squares (SST) estimates the 

variance of 𝑌: 

SST =;(𝑦6 − 𝑌@)8
9

6:5

 

o Regression sum of squares (SSR) is the 

variation of 𝑌 explained by 𝑋: 

SSR = ;(𝑦>K − 𝑌@)8
9
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o Residue sum of squares (SSE) is the variation of 

𝑌 caused by random errors: 

SSE =;(𝑦6 − 𝑦>K)8
9

6:5

 

o SST ≡ SSR + SSE 

 

• Coefficient of Determination: 𝑅8 = ??@
??A

 

o 𝑅8 is the proportion of the variation in 𝑌 

explained by 𝑋. It measures the strength of 

correlation between 𝑌 and 𝑋. 

o 𝑅8 = corr(𝑌, 𝑋)8 = corr2𝑌, 𝑌U38 

o Adjusted 𝑅8: A less biased estimate. 

𝑅B8 =
𝑛 − 1

𝑛 − 𝑝 − 1𝑅
8 −

𝑝
𝑛 − 𝑝 − 1 

 

1.3. Theories of Normal Distribution 

• Normal Distribution: 𝑓(𝑦|𝜇, 𝜎8) = 5
√8DE%

𝑒0
$

%&%
("0F)% 

o Denotation: 𝑁(𝜇, 𝜎8) 

o If 𝜇 = 0, 𝜎8 = 1, it is called standard normal 

distribution. 

• Multivariate Normal Distribution: 

𝑓(𝒛|𝝁, 𝚺) =
1

(2𝜋|Σ|)
G
8
𝑒0

5
8(𝒛0𝝁)

'𝚺(𝟏(𝒛0𝝁) 

o Denotation: 𝑁(𝝁, 𝚺) 

o If 𝒁 is a multivariate normal vector, then for any 

constant matrix 𝑩, 𝑩𝒁~𝑁(𝐵𝝁, 𝐵𝚺𝐵A). 

o For any constant vector 𝒄, the linear 

combination 𝒄A𝒁 has a univariate normal 

distribution 𝑁(𝒄A𝝁, 𝒄A𝚺𝒄). 

• 𝜒8-distribution: Suppose 𝒁 = (𝑍5, … , 𝑍K)L is a multivariate 

normal vector with 𝑁(0, 𝑰). The distribution of 𝒁A𝒁 =
∑ 𝑍68K
6:5  is called the 𝜒8-distribution with d.f. 𝑚 and is 

denoted by 𝜒K8 . 

→ degree of freedom 
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• 𝑡-distribution: Suppose 𝑍~𝑁(0,1), 𝑈~𝜒K8 , 𝑍 and 𝑈 are 

independent. The distribution of M
+N/K

 is called the 𝑡-

distribution with d.f. 𝑚 and is denoted by 𝑡K. 

• 𝐹-distribution: Suppose 𝑈~𝜒K8 , 𝑉~𝜒98, 𝑈 and 𝑉 are 

independent. The distribution of N/K
P/9

 is called the 𝐹-

distribution of d.f. 𝑚 and 𝑛, denoted by 𝐹K,9. 

 

1.4. Properties of Least Square Estimation 

• Unbiasedness: 𝐸2𝛽5?3 = 𝛽5, 𝐸2𝛽8?3 = 𝛽8, 𝐸(𝑠8) = 𝜎8 

• Properties of fitted parameters: 

o 𝛽4?~𝑁 k𝛽4, l
5
9
+ '2%

∑ ('!0'2)%"
!#$

m 𝜎8n 

o 𝛽5?~𝑁 k𝛽5,
E%

∑ ('!0'2)%"
!#$

n 

o (𝑛 − 2) Q
%

E%
~𝜒9088 	 

• Properties of fitted value, 𝑌U : 

o 𝐸𝑌U = 𝐸𝑌 

o Var2𝑌U3 = Var2𝛽4?3 + 2𝑋Cov2𝛽4?,𝛽5?3 + 𝑋8Var2𝛽5?3 

= t
1
𝑛 +

(𝑋 − 𝑋@)8

∑ (𝑋6 − 𝑋@)89
6:5

u 𝜎8 

o 𝐸2𝑌 − 𝑌U38 = Var2𝑌U3 − Var(𝜖) 

= t1 +
1
𝑛 +

(𝑋 − 𝑋@)8

∑ (𝑋6 − 𝑋@)89
6:5

u 𝜎8 

 

1.5. Statistical Inference for Simple Regression Model 

• Significant Test: To test whether or not there is a linear 

regression relationship between the response variable 

and the covariate. 

o Null hypothesis: There is no such relationship. 

o Test statistics: 𝐹 = ;RS
;R=

 

o Under the null hypothesis, 𝐹~𝐹5,908.  

o If 𝐹 > 𝑓5,908(𝛼), the null hypothesis is rejected 

at level 𝛼. Otherwise, it is not rejected. 

• Two-sided Significant Test for 𝛽5: 

o Null hypothesis: 𝐻4: 𝛽5 = 0 

o Alternative hypothesis: 𝐻5: 𝛽 ≠ 0 

o Test statistics: 𝑇4T$ =
T$U

Q(T$U)
. Under 𝐻4, 𝑇4T5~𝑡908. 

Here, 𝑠8(𝛽5) =
Q%

∑ ('!0'2)%"
!#$

. 

o 𝑝-value: 𝑝 = 𝑃(|𝑡908| > |𝑇4T$|) 

o Decision rule (with significance level 𝛼): 

1) If |𝑇4T$| > 𝑡908 }
V
8
~, reject 𝐻4; 

otherwise, do not reject 𝐻4. 

2) If 𝑝 < 𝛼, reject 𝐻4; otherwise, do not 

reject 𝐻4. 

o 100(1 − 𝛼)% confidence interval for 𝛽5: 

�𝛽5? − 𝑡908 }
𝛼
2~ 𝑠

2𝛽5?3, 𝛽5?+ 𝑡908 }
𝛼
2~ 𝑠

2𝛽5?3� 

• One-sided Significant Test for 𝛽5: 

o Hypotheses:  

1) 𝐻4: 𝛽5 ≤ 0 vs 𝐻5: 𝛽5 > 0; 

2) 𝐻4: 𝛽5 ≥ 0 vs 𝐻5: 𝛽5 < 0. 

Note that the equal sign must with 𝐻4. 

o Decision rule: 

1) If 𝑇4T5 > 𝑡908(𝛼), reject 𝐻4. Otherwise, 

do not reject 𝐻4. 

2) If 𝑇4T5 < −𝑡908(𝛼), reject 𝐻4. 

Otherwise, do not reject 𝐻4. 

o 𝑝-value:  

1) 𝑝 = 𝑃(𝑡908 > 𝑇4T5) 

2) 𝑝 = 𝑃(𝑡908 < 𝑇4T5) 

o 100(1 − 𝛼)% lower confidence bound for 𝛽5: 

𝛽5 ≥ 𝛽5? − 𝑡908(𝛼)𝑠(𝛽5?) 

This corresponds to the one-sided test (1). 

 

100(1 − 𝛼)% lower confidence bound for 𝛽5: 

𝛽5 ≤ 𝛽5? + 𝑡908(𝛼)𝑠(𝛽5?) 

This corresponds to the one-sided test (2). 

• Significant Test for 𝛽4: 

o Test statistics: 𝑇T* =
T*U0T*
QWT*UX

. Under 𝐻4, 𝑇T*~𝑡908. 

Here, 𝑠82𝛽4?3 = 𝑠8 l5
9
+ '2%

∑ ('!0'2)%"
!#$

m. 

• Confidence Interval for 𝐸(𝑌):  

𝑦Y� ± 𝑡908 }
𝛼
2~
�𝑠8 �

1
𝑛 +

(𝑥Y − 𝑋@)8

∑ (𝑋6 − 𝑋@)89
6:5

� 

• Prediction Interval for 𝑌9Z[: 

𝑦Y� ± 𝑡908 }
𝛼
2~
�𝑠8 �1 +

1
𝑛 +

(𝑥Y − 𝑋@)8

∑ (𝑋6 − 𝑋@)89
6:5

� 

 

1.6. R Commands and Interpretation of Results 
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Interpretation: 

 
 

2. Multiple Linear Regression 
2.1. Multiple LSM and its Estimation 

• Multiple Linear Regression Model:  
𝑌 = 𝛽4 + 𝛽5𝑋5 +⋯+ 𝛽\𝑋\ + 𝜖 

o Multiple Linear Regression Function: 

𝐸𝑌 = 𝛽4 + 𝛽5𝑋5 +⋯+ 𝛽\𝑋\ 

𝐸𝑌 can also be written as 𝐸(𝑌|𝑋). 

o 𝒚 = 𝑋𝜷 + 𝝐 

 
• Least Square Estimation of 𝜷: 

𝜷� = (𝑋L𝑋)05𝑋L𝒚 

• Least Square Estimation of 𝜎8: 

𝜎8 =
‖𝒚 − 𝑋(𝑋A𝑋)05𝑋A𝒚‖8

𝑛 − 𝑝 − 1  

• Properties of Hat Matrix 𝐻 = (𝑋A𝑋)05𝑋A: 

o 𝐻𝑋 = 𝑋 

o 𝐻8 = 𝐻 
o (𝐼 − 𝐻)8 = 𝐼 − 𝐻 

o Residue vector: 𝒆 = 𝒚 − 𝒚K = (𝐼 − 𝐻)𝒚 

• Sum of Squares 

o SST: Let 𝒚𝒕 = �
𝑦5 − 𝑦@
…

𝑦9 − 𝑦@
� = 𝒚 − 𝟏𝑦@ ≡ 𝐻^𝒚. 

SST = 𝒚𝒕A𝒚𝒕 = 𝒚A𝐻^A𝐻^𝒚 

o SSR: 	

SSR = 𝒚𝒓A𝒚𝒓 = 𝒚A𝐻`A𝐻`𝒚 

o SSE: 	
SSE = 𝒆L𝒆 = 𝒚A𝐻ZA𝐻Z𝒚 

o SST = SSR + SSE 

o d.f. of SST, SSR, SSE: 𝑛 − 1, 𝑝, 𝑛 − 𝑝 − 1 

• Distributions of Sum of Squares: 

o ??a
E%
~𝜒90\058  

o ??@
E%
~𝜒\8 

 
• Coefficient of Multiple Determination: 

𝑅8 =
∑ (𝑦>K − 𝑦@)89
6:5

∑ (𝑦6 − 𝑦@)89
6:5

=
SSR
SST 

o 𝑅8 = corr(𝒚, 	𝒚K)8 

o Adjusted 𝑅8: 𝑅B8 = 𝑅8 − \
90\05

(1 − 𝑅8) 

 

2.2. Inference on Least Square Estimation 

• Properties of Least Square Estimation: 

o 𝜷�~𝑁(𝐸2𝜷�3, 𝑉𝑎𝑟2𝜷�3) 

𝐸2𝜷�3 = 𝜷  

Var2𝜷�3 = 𝜎8(𝑋A𝑋)05  

o (𝑛 − 𝑝 − 1) Eb
%

E%
~𝜒90\058  

o ;RS
;R=

~𝐹\,90\05 

• Significance Test: Does the regression function have a 

significant effect on the response variable? 
o 𝐻4: 𝛽5 = ⋯ = 𝛽\ = 0 

o 𝐻5: At least one of 𝛽5, … , 𝛽\ ≠ 0 

o Test statistics: 𝐹 = ;RS
;R=

. Under 𝐻4, 𝐹~𝐹\,90\05. 

o Wald test statistics: 𝑊 = 𝜷�A𝚺�T05𝜷�. 𝐹 = c
\

. 

o Decision rule: If 𝑓 > 𝑓\,90\05(𝛼), reject 𝐻4; 

otherwise, do not reject 𝐻4. 

• Individual 𝑡-test: 

o Hypothesis: 𝐻4: 𝛽7 = 0 vs 𝐻5: 𝛽7 ≠ 0. 

o Test statistics: 𝑡 = Td+
Eb+

. Under 𝐻4, 𝑡~𝑡90\05. 

o 𝑝-value: 𝑝 = 2𝑃(𝑡90\05 ≥ 𝑡) 

o Decision rule: If |𝑡| ≥ 𝑡90\05 }
V
8
~, reject 𝐻4; 

otherwise, do not reject 𝐻4. 

o Confidence interval: 

[𝛽�7 − 𝜎F7𝑡90\05 }
𝛼
2~ , 𝛽

�7 + 𝜎F7𝑡90\05 }
𝛼
2~] 

 



    

t-distribution 

table 
Areas in the upper tail are 

given along the top of the 

table. Critical t* values 

are given in the table. 


