University Integration and Differential Equation

Trigonometric Identities

- sin, cos: sin?z + cos?x = 1
sinx

- tan: tanx =

CcCOos T
- sec, CsC: secT = ——: cscx =

cos T
1

sinxz’
- cot: cotx = ¢ L _ cosz

anxT sin T
- sec’z — tan®z = 1; csc’z —
cot?z =1
- sin(z+y) = sinx cosy +siny cos x
- sin2x = 2sinx cos T
-sinZ = 4, /1=gose
- cos(z+y) = cosxcosy—sinxsiny
- cos2z = cos?z — sin’z =
1—2sin’z =cos?z —1
_ T __ l4cosz

cos g ==+ 5

tanz+tany

- tan(x + y) ~ l—tanztany
_ 2tanx
- tan 2z = 1—tan? z
r __

-tan £ = £4/(1 — cosz)(1 + cos z)

T4y

-sinz + siny = 2sin cos 75

- sinzsiny = cos(m+y)fcos(zfy)

w+y T—y

- cosx + cosy = 2cos cos
- coszcosy = cos(z—y)+cos(z+y)

. 2
-sinzcosy = —Sm("’”y);““(m*y)

- sinh, cosh: cosh?z — sinh?z =1
. T x —x
sinhz = <=F—; coshz = efe
- tanh: tanhg = sihz
cosh x
- sech, csch: sechx 1.
coshz
cschax = —2—
sinh x
- coth: cothr = (——
anh x

- tanh® 2 + sech®z = 1; coth®z —
csch’z =1

- sinh(z + y) =
sinh y cosh z

sinhz coshy +

- sinh 2z = 2sinh x cosh z
- cosh(z + y) =
sinh z sinh y

coshzcoshy +

- cosh 2z = cosh? z + sinh? =

_ 2tanhx
- tanh 2z = Tranh? o

Common Integrals

Basic
- [kdz=ka+C
- [a"de = - 1 "t 4 ¢

—fzdx—ln|x|+0
-[etde=e"+C

Fractional
_faz+b—1ln|aa:+b\+0
_fmdx—ltan 'z +c
_fmdxfsm (a)+C
1 SR
_f\/ﬁdxfsmh (5 +C
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—f\/%dx:cosh ")+
- [ =2t dow = L tanh™ 1( )+C’

—fz@dx— sech™tz +C
- fﬁdaj: —cesch™ x4+ C
Logarithmic

- [lnzder=alnz—x+C

Trigonometric

- [cosz dz =sinz + C

- [sinzdz = —cosz + C

- [tanz dz = In|secx| + C

- [secx dx =In|secu + tanu| + C
- [sec? z dz = tanz + C

- [secxtanz dz = secx + C

- [esczcotx dr = —cscx + C

- [esc?xdr = —cotz + C

- [sinhz dz = coshz + C

- [coshz dz = sinhz + C
—fsecthdx:tanhx—FC

- [esch? x dx = — cotha + C

- [sechztanhz dz = —sechz + C
- [eschz cotha do = — escha + C

Special Integrals

- Partial fractions
- Integration by parts:
Judv=uv— [vdu
- [ sin" z cos™ z da:
Use trigonometric identities to
sin® zcosa or

convert it into

cos® z sin .

Differential Equations
1. M(z) ~ N(y)y' =0

(Separable) Separate the variables
x and y and rewrite the equation as

J M(x) dx = [ N(y) dy
2.y + P(z)y = Qx)

Multiply both sides by an
integrating factor pu(z) =
Gf P(z) dx.

3.y + Pla)y =

(Bernoulli) Let z = y'=™, then

Z = (1 —n)y ™y. Hence we
have:
v+ Py’ = Q(x)
z/
4 P(@)z= Q)

and use integrating factor.
4. ay” +by +cy=0

the
equation ax? + bz + ¢ =

characteristic
0 with

Consider

roots A1 and As:
-If Ay # X € R, then y =

c1eMT + e,

-If Ay = X € R, then y =
(c1 + cox)e?®.

-If A #£ Ao = a+ pi € C, then

y = e*(cy cos B + co sin fx).
5 ay’ +by +cy=r(x),r(x)#0

The goal is to find the particular
solution y,,:

- If r(z) is a polynomial of order
n, guess yp(z) to be a n-th order

polynomial.
- If (z) is in the form of g(z)e*?,
let y,(z) = u(z)ek®.
- If r(x) is in the form of

gx)coskx or w(z)sinkx, let
2(r) = wu(z)e’*™ and take Re(z)
or Im(z)).

Other Useful Formulae

- (Fundamental Theorem of Calcu-
lus) 4L [T f(t) dt = f(z)

- (Binomial Expansion) (14+2z2)" =
1+ nz + n(” l)m + -



